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PREFACE. 


The present volume is intended to form a sound 
introduction to a study of the Integral Calculus, 
suitable for a student beginning the subject. Like its 
companion, the Differential Calculus for Beginners, 
it does not therefore aim at completeness, but rather 
at the omission of all portions of the subject which 
are usually regarded as best left for a later reading. 

It will be found, however, that the ordinary pro¬ 
ceases of integration are fully treated, as also the 
principal methods of Rectification and Quadrature, 
and the calculation of the volumes and surfaces 
of solids of revolution. Some indication is also 
afforded to the student of other useful applications 
of the Integral Calculus, such as the general method 
to be employed in obtaining the position of a 
Centroid, or the value of a Moment of Inertia. 

-A s it seems undesirable that the path of a student 
in Applied Mathematics should be blocked by a 
want of acquaintance with the methods of solving 
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elementary Differential Equations, and at the same 
time that his course should be stopped for a sys¬ 
tematic study of the subject in some complete 
and exhaustive treatise, a brief account has been 
added of the ordinary methods of solution of the 
more elementary forms occurring, leading up to and 
including all such kinds as the student is likely to 
meet with in his reading of Analytical Statics, 
Dynamics of a Particle, and the elementary parts of 
Rigid Dynamics. Up to the solution of the general 
Linear Differential Equation with Constant Coeffi¬ 
cients, the subject has been treated as fully as is 
consistent with the scope of the present work. 

The examples scattered throughout the text have 
been carefully made or selected to illustrate the 
articles which they immediately follow. A consider¬ 
able number of these examples should be worked 
by the student so that the several methods explained 
in the “ book-work ” may be firmly fixed in the 
mind before attacking the somewhat harder sets at 
the ends of the chapters. These are generally of a 
more miscellaneous character, and call for greater 
originality and ingenuity, though few present any 
considerable difficulty. A large proportion of these 
examples have been actually set in examinations, and 
the sources to which I am indebted for them are 
usually indicated. 
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CHAPTER I. 

NOTATION, SUMMATION, APPLICATIONS. 

1. Use and Aim of the Integral Calculus. 

The Integral Calculus is the outcome of an en¬ 
deavour to obtain some general method of finding the 

area of the plane space bounded by given curved 
lines. 

problem of the determination of such an 
area it is necessary to suppose this space divided up 
uito a very large number of very small elements. 

then have to form some method of obtaining 
the limit of the sum of all these elements when 
each is ultimately infinitesimally small and their 
number infinitely increased. 

It will be found that when once such a method of 
summation is discovered, it may be applied to other 
problems such as the finding of the length of a curved 
me, the areas of surfaces of given shape and the 
volumes bounded by them, the determination of 
moments of inertia, the positions of Centroids, etc. 
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Throughout the book all coordinate axes will be 
supposed rectangular, all angles will be supposed 
measured in circular measure, and all logarithms 
supposed Napierian, except when otherwise stated. 

2. Determination of an Area. Form of Series to 
be Summed. Notation. 

Suppose it is required to find the area of the portion 
of space bounded by a given curve AB, defined by 
its Cartesian equation, the ordinates AL and BM of 
A and B, and the #-axis. 



Let LM be divided into n equal small parts, LQ V 
Q\Qz> Q'iQz> •••> ea °b of length h, and let a and b be 

the abscissae of A and B. Then b — a — nh. Also if 

% 

y = (p(x) be the equation of the curve, the ordinates 
LA, QjPj, Q 2 P 2 > etc., through the several points L , 
Q lf Qo, etc., are of lengths <p(a), <£(a + /t), <£(a-f 2/t), etc. 
Let their extremities be respectively A, P v P 2 , etc., 
and complete the rectangles AQ V P 2 Q 3 , etc. 

Now the sum of these n rectangles falls short of 
the area sought by the sum of the n small figures, 
AjBjPj, P x R 2 P 2 , etc. Let each of these be supposed 
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to slide parallel to the ar-axis into a corresponding 
position upon the longest strip, say P n _\Q n _iMB. 
Their sum is then less than the area of this strip, 
i.e. in the limit less than an infinitesimal of the first 
order, for the breadth Q n -\M is h and is ultimately 
an infinitesimal of the first order, and the length 
MB is supposed finite. 

Hence the area required is the limit when h is 
zero (and therefore n infinite) of the sum of the 
series of n terms 


h(p(a) + h(f>(a-\- k) + h<f>(a + 2h) + ... +A^>{a + (?i — l)/i}. 
The sum may be denoted by 

a + rA = 6 - A a + rh = b — A 

S (fria + rh) . h or 2 0( a 4* tK) . h 

a + r A = a a + r A = a 


where $ or 2 denotes the sum between the limits 
indicated. 

Regarding a + r/i as a variable x t the infinitesimal 
increment Ti may be written as Sx or dx. It is 
customary also upon taking the limit to replace the 

symbol £ by the more convenient sign j*, and the 

limit of the above summation when h is diminished 
indefinitely is then written 



and read as “ the integral of <f>(x ) with regard to x 
[or of <f)(x)dx'] between the limits x = a and x = b,” 
or more shortly “ from a to b” 

b is called the “ upper ” or “ superior limit.” 
a is called the “ lower ” or “ inferior limit.” 

The sum of the 1 terms, 

h<f)(a) + h<p(a h) -p ... + li(f >{a + (n—1)^} + h<f>(a + nh), 

differs from the above series merely in the addition of 
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the term U^{a-\-nii) or ^0(6)’which vanishes when 
the limit is taken. Hence the limit of this series 
may also be written 

j* (p(x)dx. 

a 


3. Integration from the Definition. 

This summation may sometimes be effected by 
elementary means, as we now proceed to illustrate:— 

Ex. 1. Calculate J e*dx. 

a 

Here we have to evaluate 

Ltw-Ji 0° + -4- e a+2A +... + e a+ ^ f> ], 

where b = a + nh. 

This = = /.<„_„(<■* - e“)-A =e‘ - e*. 

[By Diff. Calc, for Beginners, Art. 15. | 


Ex. 2. To find f xdx we have to find Lt 2 (a + rh)h, where 

J r=o 

a 

nh = b — a. 

Now 2(a + rh)h = ah . n 4- A 2 . —-- 

= a(6 — a) 4- -\ b — a — A), 

A 

and in the limit becomes 

<b - a)= ( 6 r J & ±4 

Ex. 3. To find J" -^<£r we have to obtain the limit when A ia 

a 

indefinitely diminished of 


n+ _lj + _i_ + +ri 

La- + (a + A)2 + (a + 2A)- —^A 2 J 

1 


Thisis > LiCT+ 


afa + A) ' (a 4-A)(a 4-2A) + + b{b + A) 
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(a a+^) + (a+A a + 2h) + + (b b + a) 


> 1 - 1 


and 


a b + A 

<[1 + 1 

Li a — *i a ci(a- 


4-... + 




< 


< 


(a-»: a ‘ a(a + A) . {b — /i)b. 

(<rrA-5) + (5-^) + - + (i^A-D 

1 1 


a-A 6 ’ 

and when h diminishes without limit, each of these becomes 

1 1 

a b‘ 


Thus 


/%*r = l * 

J .r~ a o 


Ex. 4. Prove ab initio that 

f sin xdx = cos a — cos b. 


J 

a 


We now are to find the limit of 

[sin a + sin(a + ^) + sin(a + 2/<)+... to n termsjA, 

sin^a + n — l^si 


i.e. of 


h 

sin 7i— 
2 


sin - 
2 


h where nh —b — a. 


A 

This expression = Pcos — — cos-fa -f-(2n — 

L \ 2/ l 2) J s in 

= [ c ° a (a-|)- c °s(6-^)] 2 


which when A is indefinitely small ultimately takes the form 

cos a - cos b. 
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EXAMPLES. 


Prove by summation that 


1 


. I e~ x dx=e~ a — e~ b . 


a 
rb 


2 . / sinh xdr = ccsh 6 — costi a. 


3. 


b o i 6 3 — a 3 
x-dx = —-—. 


4. 


( 

a 

[ _l_e£r = 2 (Jb — \/a). 
J sjx 


a 
rb 


5. 


I 


I 

cos 0 </# = sin 6 — sin a. 


4. Integration of # m . 

As a further example we next propose to consider 
the limit of the sum of the series 

h[a m + (a + h) m + (a + 2/i) m + ... + (a + n — lA) m ], 

. — <x 


where 


i = 


n 


and n is made indefinitely large, m + 1 not being zero. 

[Lemma —The Limit of is m + 1 when K is 

indefinitely diminished, whatever y may be, provided it be of 
finite magnitude. 

For the expression may be written 


( 

y- 


h \ m+1 

1+-) -i 

_ Ul _ 


and since h is to be ultimately zero we may consider - to be 
less than unity, and we maj therefore apply the Binomial 
Theorem to expand ^1 + —^ , whatever be the value of w+L 
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(S«*? Dig. Calc, for Beginners, Art. 13.) Thus the expression 
becomes 

— £♦...] 

= *n M + - x (a convergent series) 

= m + l when h is indefinitely diminished.] 

In the result 


It (y + h) m+l — y m+1 
- L 'h=o - hy~ -— m + i, 


«7 

put y successively = a, a + h, a -f- 2h, etc_ a-\-(n — l)h, 

and we get 

Lt (^4-/t) m+1 —q m+1 _ L (a -f- 2 h) m+1 -(a A- /Q m+1 

ha m ~ h(a+k) m 


T (a -f 3/i) m+1 - (a + 2&) m+l _ 
“ A(a + 2/t) m 


— Lt ( a n ^ m+l ~ ( a + n ~~ l^) m+1 

— l/i) m 

= m+l; 

or adding numerators for a new numerator and de¬ 
nominators for a new denominator, 

_ {a + nh) m+l — a m+1 


—_ — ** ___ _ m+ i 

h[a m A-(a A- h) m + (a + 2&) m +... + (a + n- l/i) m ] 


or 

£$A=ofc[a m +(a+&) m +(a+27i) m + ... + (a+n — l/t) m ] 

_ b m+1 — n m+l 

m+1 

In accordance with the notation of Art. 2, this 
way be written 

/.m+1_/»m+l 

x"'dx=- -. 

m + 1 
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The letters a and b may represent any finite quantities what¬ 
ever, provided x m does not become infinite between x=a and 
x = b. 

When a is taken as exceedingly small and ultimately zero, it 
is necessary in the proof to suppose h an infinitesimal of higher 

order, for it has been assumed that in the limit - is zero for 
all the values given to y. 2/ 


When 6 = 1 and a = 0, ultimately the theorem be 
comes 

1 


o 


or 


x m dx = — -=- if m + 1 be positive, 

m + 1 

= oe if m + 1 be negative. 


This theorem may be written also 




9\ m (n — 

+ -” + ' n 


/ J m-f-1 


or oo 


according as m + 1 is positive or negative. The limit 


Lt n= 


~i[© 


m / 2 \ m 




a 


or, which is the same thing, 


Lt n = 


n = oo 


+ ...+71 

/yj Trt “h 1 


m 


differs from the former by —, i.e. by 0 in the limit, 

and is therefore also--=, 

m+1 

positive or negative. The case when m +1 = 0 will 
be discussed later. 


or oo according as m + 1 is 


Ex. 1. Find the area of the portion of the parabola y 2 = 4ax 
bounded by the curve, the x-axis, and the ordinate x — c. 
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115 divide the length c into n equal portions of which 
is the (r-rl) ?k , and erect ordinates A P, MQ. Then if 



be drawn parallel to XJf, the area required is the limit 
^ hen n is infinite of the sum of such rectangles as PM (Art. 2), 


i.e. 


Lt Y.PN. NM or Lt 2 JAa.rhh > 

r-0 


where nh = c. 

Now Z^o[ y/h + s/2h + K r ih +... +n'(u-1)A]A 


- LtjlMM * 


l* + 2* + 3* + ... A 

---. c 


=i c 


[By Art. 4.j 

Area = 3*/5a c^ = §cV4ac 

==§ of the rectangle of which the extreme ordinate and abscissa 
or the area are adjacent sides. 

Ex. 2. Find the mass of a rod whose density varies as the 
*tttu power of the distance from one end. 

& be the length of the rod, c o its sectional area supposed 
uniform. Divide the rod into n elementary portions each of 

length -. The volume of the (r-f l)th element from the end 

o f 2 cr o density is at-, and its densit\ r varies from ( —) to 
/r-fl a \"» J 1 \n/ 

\ ~— ) • Its mass is therefore intermediate between 


oja 


m+1 - r ”L and toq m + 1 ( r+1 ? 


m 


n 


m + l 


71 


m + 1 
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Thus the mass of the whole rod lies between 


10 a 


+ , 1 m + 2 m -f 3 m + ... -f (w — 1)’ 


m +1 


and 


io a 


+ 1 l m + 2"* + 3 m + ...+n' 


m 4-1 


and in the limit, when n increases indefinitely, becomes 


coa 


m + l 


m + 1 


5. Determination of a Volume of Revolution. 

Let it be required to find the volume formed by 
the revolution of a given curve AB about an axis 
in its own plane which it does not cut. 

Taking the axis of revolution as the a>axis, the 
figure may be described exactly as in Art. 2. The 



Fig. 3. 


elementary rectangles AQ V P- l Q 2i e ^ c -> f race i 11 

their revolution circular discs of equal thickness, and 
of volumes 7 rAL 2 .LQ lt irP^Q *. Q 1 Q 2 , etc. The several 
annular portions formed by the revolution of the 
portions AB^P^ P 1 B 2 P 2 , PgPgPg, etc., may be con- 
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sidered made to slide parallel to the rc-axis into a 
corresponding position upon the disc of greatest radius, 

S p' T n / orme( ^ by the revolution of the figure 
■^ n-\Qn-\XB. Their sum is therefore less than^this 
disc, t e. in the limit less than an infinitesimal of the 
nrst order, for the breadth Q n _uV is h, and is ulti¬ 
mately an infinitesimal of the first order, and the 
length XB is supposed finite. 

Hence the volume required is the limit, when h is 
zero (and therefore n infinite), of the sum of the series 


M <P(a)}Vt + 7T { 0(a + h) }Vi + 7t { <p(a + 2 h) } 2 h +... 

# +7r{0(a + ?i— lh)}Vi, 

or as it may be written 



Fig. 4. 


Let the portion required be that formed bv the revolution of 
e area APN^ bounded by the parabola and an ordinate PX. 
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Then dividing as before into elementary circular laminae, we 
have 

Volume — kJ y 2 dx=4a7rj' xdx = 4ai7~ [Art. 4.] 

= 2 7 rac 2 = \ttPN 2 AN 

= -i cylinder of radius PA r and height AN. 
r Or if expressed as a series 

Volume=4a7 -f xdx 


_. OT i,i[(i)+(!)+(!)+--+( ==i)] 


O 

= Aair . —- =2a7rc 2 .] 
2 


[Art. 4.] 


Ex. 2. Find the volume of the prolate spheroid formed by the 

2 2 

revolution of the ellipse ^-r,4-'rr, = l about the x-axis. 

a- b l 



Fig. 5. 

Dividing as before into elementary circular laminae whose 
axes coincide with the x-axis, the volume is twice 


f mf-dx. 


Now j —y~dx = J 7 - x-)dx 

0 0 

which, according to Article 4, is equal to 

. (a - 0) - or §*■“**> 

and the whole volume is ^-rrab 2 ; 
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[or if desirable we may obtain the same result without using 
the sign of integration, as 




[By Art. 4.] 


EXAMPLES. 

1. Find the area bounded by the curve y — e*, the x-axis, and 
the ordinates x = a, x = b. 

2. If the area in Question 1 revolve round the .r-axis find the 
volume of the solid formed. 

3. Find by the method of Art. 2, the area of the triangle 
formed by the line y=x tan 6 , the x-axis and the line x = a. 

Find also the volume of the cone formed when this triangle 
revolves about the x-axis. 

4. Find the volume of the reel-shaped solid formed by the 
revolution about the y-axis of that part of the parabola y- = 4ox 
cut off by the latus-rectum. 

5. Find the volume of the sphere formed by the revolution of 
the circle x 2 -fy-=a 2 about the x-axis. 

G. Find the areas of the figures bounded by each of the 
following curves, the x-axis, and the ordinate x — h ; also the 
volume formed by the revolution of each area about the x-axis : 

(a) y 3 = a-x. 

<Ji) y n =a»-'x. 

(y) ar~ x y = x n . 

(8) ary = x 3 4- ax 2 . 

V. Find the mass of a circular disc of which the density at 
each point varies as the distance from the centre. 

8. Find the mass of the prolate spheroid formed by the 
revolution of the ellipse x 2 /aM-y 2 /6 2 = 1 about the x-axis, sup 
posing the density at each point to be /ax. 



CHAPTER II. 

GENERAL METHOD. STANDARD FORMS. 

6. Before proceeding further with applications of 
the Integral Calculus, we shall establish a general 
theorem which will in many cases enable us to infer 
the result of the operation indicated by 

| (p(x)dx 

a 

without having recourse to the usually tedious, and 
often difficult, process of Algebraic or Trigonometrical 

Summation. 

7. Prop. Let <f>(x) be any function of x which is 
finite and continuous between given finite values a 
and b of the variable x ; let a be < 6, and suppose the 
difference b — a to be divided into n portions each 
equal h, so that b — a = nh.. It is required to find the 
limit of the sum of the series 

h[<p(a) + <p(a + h) + <£(« + 2&)+... + <f>(b - h) + <£(&)], 
when h is diminished indefinitely, and therefore n 
increased without limit. 

[It may at once be seen that this limit is finite, for if <f>(a + rh ) 
be the greatest term the sum is 

< (n + 1 )h <f>( a + rh), 

i e% <c(b — a)<f>(a + rh) + h<})(a + rfi)j 
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which is finite, since by hypothesis </>(-*') is finite for all values of 
t intermediate between b and a.] 

Let yjs(x) be another function of x such that <p(x) is 
its differential coefficient, i.e. such that 

00*0 = 

^ e shall then prove that 

L^=o^[0(a)+0(a+/t)+0(a+2/*)+...+0(fr)l = \//(b)-\fs(a). 

By definition 0(a) = Lt u = 0 —- 

and therefore 0(a) = ^ + a lt 

where cq is a quantity whose limit is zero when h 
diminishes indefinitely; thus 

h(f)(a) =0-( a+ h) — yjs(a) -\-}ia v 

Similarly 

h(p(a-\-h) =\/r(a + 2h) — \^( a-f- /*) + ^ a 2 » 

/i0(a + 2/i) = ^(a + 3/<) — ^(a. + 2/„) + // a 3 , 

etc., 

7t0(a n — l/i) = 0r(a + n/t) — \^(a- -f n — lh) -f- ha n , 

where the quantities a 2 , a 3 , a n arG all, like a p 
quantities whose limits are zero when h diminishes 
indefinitely. 

By addition, 

^[0( a ) + 0(a li) -f- 0(a -f- 2/i)-f- ... -+■ <f>(b ^)] 

= 0(a + n/t) - 0(a) + // [aj 4- a 2 + . • • + a«]» 

Let a be the greatest of the quantities a l , a 2 . •••, «n» 
then 

M a i + a 2 -f ... 4-a„] is <nha , i.e. <(b — a)a, 
and therefore vanishes in the limit. Thus 

L<A==oft[0(a)+0(a+/i)+0( a +2/O+..-+0(k-^)] = 
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The term h(p(b) is in the limit zero; hence if we 
desire, it may be added to the left-hand member of 
this result, and it may then be stated that 

Lt h=0 h[cf>(a) + <p(p- 4-/i) + ... + <p{b — = 


^.e. 


j* (t>(x)dx — \}s(b)~\ls(a). 


This result \{s(b) — \Js(a) is frequently denoted by the 
notation 

From this result it appears that when the form of 
the function \H#) (of which <p(x) is the differential 
coefficient) is obtained, the process of algebraic or 

trigonometric summation to obtain f <p{x)dx may be 
avoided. a 

The letters b and a are supposed in the above work 
to denote finite quantities. We shall now extend our 

notation so as to let j* <f>(x)dx express the limit when 

a 

b becomes infinitely large of \/d&) — \K a )> i.e. 


J < p(x)dx = 


Lth= 


b=oc 


j* <p(x)dx. 


Similarly by f <p(x)dx we shall be understood to 

\ n J 


mean 


Lt a=a ,[\ls(b) — \fs(a)] or Zf a=co j* <p(x)dx. 

a 

Ex. 1. The differential coefficient of -r ” > - is plainly x" 1 . 

771+1 


Hence if <f>(x)=x m we have 


~m + l 

^)=-T 1 

771+1 


b 7 b m + l a m+1 & fn+ 1 -a m + 1 

m+ T- 


and 
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Ex. 2. 
known to 


The quantity whose differential coefficient 
be sin .r. Hence 


is cos x is 


Ex. 3. 
itself <?*. 


Ex. 4. 


I cos x dx = sin b — sin a. 

♦ 

a 

The quantity whose differential coefficient is e* is 
Hence 


I e*dx = e b — e a . 

a 

I e-*d, = Lt b „S _e-*T = (- e ->)_(- e -«)=l. 

v ; i- -J" 


EXAMPLES. 

^ rite down the values of 


1. 


[b 

J x'°dx, 


2 . J x'°dx, 

o 


3. 


/v 


' dx, 


, rid,, 

.I X 


•> 


-O — 

5 - I cosxdx, 6. f 4 sec 2 x dx, 7. f 4 secxtau xdx, 

*° *o o 

9. [ 1 -j~L=dx, 10. [ (x + cos x)dx. 

I J 1 -x* J 


0 

8 . I'-L-dx 

l 1+^ 


8. Geometrical Illustration of Proof. 

The proof of the above theorem may be interpreted geo- 
metrically thus 

Let AM be a portion of a curve of which the ordinate is finite 
mul continuous at ail points between A and B, as also the 
angent of the angle which the tangent to the curve makes 
w itn the ar-axis. 

Let the abscissae of A and B be a and b respectively. Draw 

ordinates AN, BM. 

Let the portion NM be divided into n equal portions each 
o length h. Erect ordinates at each of these points of division 
cutting the curve in P, Q, R, ..., etc. Draw the successive 
tangents AP U PQ i} e tc., and the lines 

AP.y, PQ>, QR» • ••> 

parallel to the .r-axis, and let the equation of the curve be 
y~Y{x\ and let yfr'\x) = <j^x), 

then <£(a + A), <£(a + 2A), etc., are respectively 

tan/ > 2 ^/ , „ tan Q 2 RQit etc ., 
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and hcfi(a), h<f>(a + k), ..., are respectively the lengths 

Q2Q1, etc . 

Now it is clear that the algebraic sum of 

RoP, Q>Q, P- 2 R, ..., is jVB—NA, i.e. ypib) — yjs(a). 
Hence 

P 2 Pi + Q2Q1 + RoR x +... +[P 1 P +Q1Q +...] = V^( 6 ) —>/^(a). 



Now the portion within square brackets may be shewn to 
diminish indefinitely with h. For if R X R for instance be the 
greatest of the several quantities J\P, QiQ, etc., the sum 

[/VP+<?,<?+...] is CnRJi, i.e. <(b-a)~\~. 

But if the abscissa of Q be called x, then 

LR 2 = f(x), RM x =h^'{x), 

and LR=Mx+h) = xftx) + h x)r\x) + + Oh), 

+4 • 

[DiJT. Calc, for Beginners, Art. 185.] 
so that RiR = ^'i'"(x+0/t) = ^-<f>'(x+6h), 

and (b-a^J^h^x+dh), 

which is an infinitesimal in general of the first order. 
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Thus 

[P^ + Q& + R i R l + ...] = W)-yjs(a\ 
or Zf fc-0 A[t£(a) + (£(a + A) + <£(a + 2A) + ... + </>(6-/<)] = \J/(b)-\J/(a). 
Also since Z/ k „oA</>(6) = 0, we have, by addition, 

Zf*_o^[<^'a) + <£(a +h)+ <£(a + '2h) 4-... + </>(6)] = yfs(b) - \Ka). 


9. Interrogative Character of the Integral Cal¬ 
culus. 

In the differential calculus the student has learnt 
how to differentiate a function of any assigned char¬ 
acter with regard to the independent variable con¬ 
tained. In other words, having given y = \fs(x), 
methods have been there explained of obtaining the 
form of the function \fs\x) in the equation 

The proposition of Art. 7 shews that if we can reverse 
this operation and obtain the form of \f/(x) when \fs'(x) 
is given we shall be able to perform the operation 


j" <p(x)dx , i.e. j* \Js'(x)dx, 


a 


by merely taking the function \fs(x), substituting b 
and a alternately for x and subtracting the latter 
result from the former; thus obtaining 

We shall therefore confine our attention for the 
next few chapters to the problem of reversing the 
operations of the differential calculus. 

Further, the quantity b has been assumed to have 
any value whatever provided it be finite; we may 
therefore replace it by x and write the result of the 
proposition of Art 7 as 


J <j>(x)dx = \/s(x) — \JAs*). 



\ 

A. S. COLLEGE. 


i > 


t—• 


SRINAGAR 
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10. When the lower limit a is not specified and 
we are merely enquiring the form of the (at present) 
unknown function \fs(x), whose differential coefficient 
is the known function <p(x), the notation used is 

=■'/'(z). 

the limits being omitted. 

11. Nomenclature. 

The nomenclature of these expressions is as follows: 

f <p(x)dx or \/s(b) — \Js(a) 

a 

is called the “definite” integral of (p(x ) between limits 
a and b ; 

X 

(p(x)dx or \js(x) — \/s(a) 

a 

where the upper limit is left undetermined is called 
a “ corrected ” integral; 

or \[t(x) 

without any specified limits and regarded merely 
as the reversal of an operation of the differential 
calculus is called an “indefinite” or “uncorrected” 
integral. 

12. Addition of a Constant. 

It will be obvious that if <f>(x) is the differential 
coefficient of yjs'x), it is also the differential coefficient 
of \js(x)-\-C where C is any constant whatever; for 
the differential coefficient of any constant is zero. 
Accordingly we might write 

= x ) + & 

This constant is however not usually written down. 
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but will be understood to exist in all cases of in¬ 
definite integration though not expressed. 

IS. Different processes of indennite integration 
will frequently give results of different form ; for 

instance f — >- 3 — -dx is sin _1 .r or — cos” 1 #, for - . j_ - 

Vl-x 2 

is the differential coefficient of either of these ex¬ 
pressions. Yet it is not to be inferred that 

sin ~ l x= — cos~ : x. 

But what is really true is that sin -1 # and — cos -1 # 
differ by a constant, for 


so that 


or 


sin cos - l x — ^ 

f ^ - dx = sin ~ 1 x + C 
Wl-x* 

\— r h=dx= — cos -1 # 4 -C'. 
is/l-x 2 


the arbitrary constants being different. 

14. Inverse Notation. 

Agreeably with the accepted notation for the in¬ 
verse Trigonometrical and inverse Hyperbolic func¬ 
tions, we might express the equation 


j*c p(x)dx 




as 


(£) V)=VK*), 


D- l <f>(x) = \fs(x), 

^<p(x)=yfr(x); 
and it is occasionally useful to employ this notation 


or 
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which very well expresses the interrogative character 
of the operation we are conducting. 

15. General Laws satisfied by the Integrating 
Symbol \ dx - 

(1) It will be plain from the meaning of the 
symbols that 


cl 

dx 


j '(p(x)clx is <f>(x ), 


r ci 

but that J ^ (f>(x)dx is <p(x) + any arbitrary constant. 

(2) The operation of integration is distributive; 
for if u, v, w be any functions of x, 

^-^udx+^vdx + ^wdx^=u + v + w\ 

and therefore (omitting constants) 

Ju dx~\- J*v dx-\- ^wdx = vw)dx. 

(3) The operation of integration is commutative 
with regard to constants. 

^° r ^ dx =Vy anc * a an ^ r cons t a nt, we hav* 

d . du 

dx (aU) = a d^ =av ’ 

so that (omitting any constant of integration) 

au=Javdx, 

or ajv dx — J av dx, 

which establishes the theorem. 
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16. W e now proceed to a detailed consideration of 
several elementary special forms of functions. 


17. Integration of x n . 


n + l 


By differentiation of-=- we obtain 


n + l 

cl x n+1 
clx n +1 — J 


Hence (as has been already seen in Art. 4 and in 
Art. 7. Ex. 1) 

.n+i 




x n dx = 


X 


n +1 


Thus the rule for the integration of any constant 
power of x is, Increase the index by unity and divide 
by the index so increased. 

For example, 

I Fr/.r — ~ ; f x^dx = ; / x~'°dx = -—’=. — JL 

4 J 11 ’ J -4 4x 4 


EXAMPLES. 

Write down the integrals of 

1. x, 1, 0, x 00 , x- 009 , x 1000 . 

2. x- “, x- 101 , x-®°. 


3. 

4. 


1 3 

x 7 , x 11 , 
x _i , x“ 





axH —a + bx + -+. 


x 3 *’ 


io - 



ax 2 + bx + c 



ax -3 + 6x -1 + c 
x - 3 
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18. The Case of x~\ 

It will be remembered that x~ x or - is the differ 

x 

ential coefficient of log x. Thus 


j 


-dx = log x. 

X 

This therefore forms an apparent exception to the 
general rule 

f nU XlX+l 

\x n dx — ——. 

19. The result, however, may be deduced as a limiting case. 
Supplying the arbitrary constant, we have 


I 


dr = 


x n 


+ i 


71+1 


where 


A = C+ 


+ C = 


1 


j "" 1 - 1 
7i + l 


+ A t 


n +1’ 


and is still an arbitrary constant. 
Taking the limit when n + 1 =0, 


■ r ”* 1 - 1 
71+1 


takes the form log#, 


[Diff. Calc, for Beginners, Art. 15.] 
and as C is arbitrary we may suppose that it contains a nega¬ 
tively infinite portion — ^ together with another arbitrary 

portion A. 

Thus Lt„. _ i j^r n dr=]og # + A. 

20. In the same way as in the integration of x n 
we have 

4- b) n+l = (w + l)a(ax 4- b) n 
d 


j-lo g(ax 4- 6) = — — —r, 
dx 6V 7 ax + b 


and 
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and therefore l(aj 4- b) n dx = 

y (n+i)a 


and 


= - log(ax -f b). 
ax + b a & ' 


[For convenience we shall often find |—V- f c?vC 

)ax + b 

printed as « J ^ 


dx 


ax + b 


f.. 1 

’ J Ja- 4- X s 


as bib- etc ] 


Write down the integrals of 

1. ax, x*, a-fx, a—x, a — x“. 

0 a x a-fx 1 
x a x * a-fx’ 

3 1 1 1 

a 4- x’ a — 6x’ (a - x) 2 * (a — x)"* 

4 . 1 , 1 1 . 1 A ( 1 

a+j 1 "a-x’ x + ax-a’ (a-fx) 2 (a — x) 2 * 

21 . We may next remark that since the differential 
coefficients of [^(®)] n+l and of log 0(x) are respectively 

(» + lX^(*W(«) and SAg, 

we have ^{x)Yf\x)djc = 


and 


f|S) )da:=log ^ (a:) - 


The second of these results especially is of great 
use. It may be put into words thus :—the integral of 
any fraction of which the numerator is the differential 
coefficient of the denominator is 

log ( denominator ). 

For example, 

/*_ 2ax-f6 _dx — log(ax 2 -f fcx-f c), 

J ax*-f 6x-f c 
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/ 

A 

/ 

♦ 

/ 


cot .r dx 


tan x dx = 


- / 
-/ 


COS .T 

-I 

sin x 


dx 


log sin x y 


— sin x 


cos x 


dx = — log cos x = log sec x, 


— /k* = log(^ + e-*). 

<r 4- c ” 



Write do\A n the integrals of 





t 4- a )"e x , - —, ( ax 2 + -f c) n (2ax + 6). 

r+ a 

r' + e - * sec 2 .r 2ax + b 
e x —e~ J ' tan x (ax 2 + bx + c) 2 ’ 

1 

1 + -r 2 1_ 1 

tau-'x Vr^^sin- 1 ^ ^ log or’ 


22. It will now be perceived that the operations of 
the Integral Calculus are of a tentative nature, and 
that success in integration depends upon a know¬ 
ledge of the results of differentiating the simple 
functions. It is therefore necessary to learn the table 
of standard forms which is now appended. It is 
practically the same list as that already learnt for 
differentiation, and the proofs of these results lie in 
differentiating the right hand members of the several 
results. The list will be gradually extended and a 
supplementary list given later. 


Preliminary Table of Results to be committed 

to Memory. 
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I 

I 

\ 

I 

I 


a*djc 


a* 

locr/l* 

€*. 


cos xdx = sin x. 


sin xdx = — cos x. 


sec 2 x dx = tan x. 


cosec 2 x dx = — cot x. 
fsin x 


j 

] 


cosh: 


dx = 


cos x 
sin 2 # 


dx — 


sec x. 


— cosec x. 


jtan xdx — log sec x.^ 


j 

j 

i 


cot x dx 
dx 


+J a 2 — x 2 
dx 

tt 2 + X 2 

f dx 
jX\/ x 2 — a 2 


= log sin x. J 


. , x 

= sin -1 - 


Art. 21. 


X 

or -cos -1 — 




c&c 


2ax — x 2 



a 



a 

_ 1 

a 

tan - 

a 

cr 

1 

a 

cot - 

a 

_1 

a 

i x 

sec 1 - 
a 

or 

1 

a 

-\ x 
cosec - 

a 

-\ x 

= vers 1 - 

a 

or 

1 x 

— covers — 

a 


• It is a help to the memory to observe that all those 
integrals of the above list which begin with the letters “c<>,” 

as cos x y cos ~ 1 ~, covers -1 -, etc., have a negative sign prefixed to 



28 


INTEGRAL CALCULUS. 


them. The reason is obvious. Each of these functions decreases 
as x increases through the first quadrant ; their differential co¬ 
efficients are therefore negative. 

Also it is a further help to observe the dimensions of each side. 

f dx 

For instance, x and a being supposed linear, / - is of zero 

j J v a 2 —x- 

dimensions. There could therefore be no - prefixed to the in- 

f dx a 

tegral. Again J 13 dimensions -1. Hence the result of 

integration must be of dimensions -1. Thus the integral could 

not be tan -1 - (which is of zero dimensions). The student should 

a 

therefore have no difficulty in remembering in which cases the 
factor - is to be prefixed. 


EXAMPLES. 

Write down the indefinite integrals of the following func' 
tions :— 


1. 


x 


.n —1 


x+l* x+l’ x 2 +l’ x*+T x n + a n ' 

2. 2 X , x 3 + 3 x , a + b x + cP*. 

3. cos 2 -, cos’x. sin x, tan"x secr’x. 

2 

4. cotx-ftanx, cos x( -h -V 

\sinx sm-'x'x 


5. 


6 . 


7. 


8 . 


\ f \ — x 2 ’ 9 + x 3 ' x»Jx 3 — 4 


1 


X 2 


•Jx — xr x*J lx 1 — 8 */8 — 2ar 4-fx 3 


tan -1 x sin -1 x _ 

1 + x 3 ’ a/i — or xJxr — 1 

x?" l + e?~ l cot x _1_ 

x* + c K ’ logsinx’ x sec -1 x. vAr* — 1* 


-i 


sec -1 x 



CHAPTER III. 


METHOD OF SUBSTITUTION. 


26. Change of the Independent Variable. 

The independent variable may be changed fro m 
to s by the change x = F(z), by the formula 

V being any function of x. 

Or if we write V=/(x), 
the formula will be 


\f{x)dx = J/{ F{z )} F\z)dz. 


To prove this, it is only necessary to write 


then 


But 


whence 


u 

du 


= J Vdx; 


= V. 


dx 

du du dx 


= V 


dx 


dz dx dz dz * 




Vfdz. 

dz 
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Thus to integrate / e -- dx , let tan 1 x=z . Then 

J 1 “t” Ns 


+ X* 

1 dx 


= 1 , 


l+x 3 dz 
and the integral becomes 

f etaP ** fefe = / e?dz = e* = etan - i*. 
J 1+x 2 dz J 


26. In using the formula 


j/(a;)<Za; = J/{ -F(2)}.F'(2)(fe, 


after choosing the form of the transformation x = F(z), 
it is usual to make use of differentials, writing the 
equation 

dr 

-j- = F\z) as dx = F\z)dz ; 
clz 

the formula will then be reproduced by replacing dx 
of the left hand side by F\z)dz , and x by F{z). 

Thus in the preceding example, after putting tan“U* = 2 , we 
may write 

^' r =dz and -„ dx = j <?dz = etc. 


l+x 1 


27. We next consider the case when the integration 
is a definite one between specified limits. 

The result obtained above, when x = F(z ) is 

| f(x)dx= j* f{F{z)}F'(z)dz. 

Let f{x) = \fr\x), 

then | f{x)dx = \Js(x) -f C ; 

and if the limits for x be a and b , we have 


j f{x)dx = \\r{b) — 
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Now when x = a y z = F~\a): 

and when x = b, z = F~\b). 

Also f{F^z)) = ^{F{z)}, 

and f{F(: ) \F-(z) = £ x +{F(z)}^=^{F( Z )), 

whence 


f{F(z)}F'(z)dz=\ 


F- \» d 
dz 


F~\a) 


F~\a) 


\js{F(z))dz 


= x/,[F{F-Hb)}]-yt,[F{F-'(a)}} 

= y]Ab)-\jr{a)\ 


so that the result of integrating f{ F(z))F\z) with re¬ 
gard to 0 between limits F~\a) and F~\b) is identical 
with that of integrating f(x) with regard to x between 
the limits a and b. 


Ex. 1. Evaluate / —— cos *Sx dx. 

J ^x 

Ia> c x =z 2 , and therefore dx = 2z dz ; 
f cos *Jx dx — J icos 2 . 2zdz = nj cos z dz-- - sin z — 2 sin Jx. 

Ex. 2. Evaluate Jx-cos xPdx. 

Let x 1 — z y and therefore 3 x 2 dx = dz ; 

j j 3 cos .t 3 </x — hj cos z dz—\ sin z — J sin .r 3 . 


Ex. 3. 


»| 

Evaluate / — X -— dx. 

i ''1+^ 


Put .r=tan 0 , then dx = nec-0 d6 ; 

when x = 0, we have 0 = 0, 

when a'=l, we have 0 5 
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M m 

f 1 —— r — dx = / - a - n f sec 2 # <£# = / sec 0 tan 

l s'l+x 2 J sec 0 J 


= [ sec * 1 ! = 


sec - - sec 
4 


0 = sf2-l. 


Ex. 4. Evaluate ^ ^ [ l - e -i [ secliorc&r]. 

*0 *o 

Let e* = z, then e x dx = dz. When x = 0, 2=1, and when x=l, 
z = e. Hence 

f\ = f * -run-^1 = tan- 1 c-tan- J 1 = tan _1 ^-J. 

J e* + eJ \+z* L Ji e+1 


The indefinite integral is tan -1 ?*. 


EXAMPLES. 


1. Integrate 

c'cos e* 

(Put 

e*=z), 


nx tl ~ 1 c osx" 

(Put 

x n = z) f 


- cos(log x) 

X 

(Put log x = 2 ). 

2. Evaluate | 

1 ^ dx (Put x2-2), 
1+x* 

ITS 


3. Integrate a cos x + ^ ae'sin <? + b tanh x. 


4. Evaluate (Put *+!=*)• 

0 


5. Evaluate 

6. Evaluate 

7. Evaluate 

8. Evaluate 

9. Evaluate 


r 


dx 


Jb — 2x — x i 


j ' 3 _ d x 

I (x-iy/x 2 - 


2x 


2\'x(l -par) 

1 


/ 

\ 2Jx 
/ 


1 


dx 


2\'x*J 1—x 
1 


dx. 


2x*fr- 1 


dx. 


(Put x+\=z). 
(Put x- l=z). 
(Put x=z 2 ). 
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Note ox the Hyperbolic Functions. 


28. Definitions. 

For purposes of integration it is desirable that the 
student shall be familiar with the definitions and 
fundamental properties of the direct and inverse 
hyperbolic functions. 

By analogy with the exponential values of the 
sine, cosine, tangent, etc., the exponential functions 

etc. 


e* + e 




2 ’ 2 ’ 
are respectively written 

sinh x , cosh x, tanh x , etc. 


cosher — sinh 2 a; - 

2 


29. Elementary Properties. 

We clearly have 


sech 2 ® -f tanh 2 a; = ^ 


tanh x = 


coth x — 


e x^ e -x / ■ \ex + e 

e* — e~ x _sinh x 

e? + e ~ x ~ cosh x 

e*4 -e~ x cosh a; 


e? — e~ x sinh a; tanh a; 
/c*4-c-*\ 2 . /e* — e _ ^ 2 


cosh 2 # 4- sinh 2 ^ = —) 4-(- 

e 2x 4-e -2 * 


7 


= cosh 2a;, 


2 sinh x cosh x = 2 


e v — e~ x e x + e 


-X 


e 3 * —6 


— *) 


= sinh 2a;, 


2 2 2 

with many other results analogous to the common 
formulae of Trigonometry. 
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30. Inverse Forms. 

Let us searcli for the meaning of the inverse 
function sinb -1 .x. 

Put sinli" 1 x = 2 /, 

. , t'J — e-y 
then x = sinh y = — ^ - > 

e 2 y — 2xey—l = 0, 

and ey = x ± 1 + x 2 . 

Thus y = log(sc ± -s/l + x 2 ), 

and we shall take this expression with a positive sign, 

viz., log (a-P-s/l 4- x 2 ) as sinh \x. 


31. Similarly, putting cosh -1 # — y, we have 

e y _|- e - y 

x = cosh y = -^— 

and er y — 2xt y 4-1=0 

and e y = x± +J x 1 — 1 , 

whence y = log (x ± Jx 1 — 1), 

and wo shall take this expression with a positive sign, 
viz., 


log (x 4- s/x 1 —! ) as cosh “ X x. 

32. Again, putting tanh -'x — y, we have 

e y — (> - y 


and therefore 


whence 


x = tanh y = 


e 2 y = 


e'J + e-y ’ 

1 A-x 
1 —x 


, , , , 1 A-x 

tanh ~ 1 x = h log ^-. 

° 1 —x 



METHOD or SC&STlTCTHhW 


35 


Similar! v 


coth' l x = V lo£ j 


33 We aha 11 thus consider 


wuh ' 1 *vuuu vinous with 


h nr 


, / * «# 
j- -f v «r- -f ti ‘ 


cvali' 1 svnonvmous with 
.1 * 


lo^ 


i / * 9 

.r-f- Jr- u- 


tonh -1 "^ svnonvmous with A lo«r ——, 


*i * 


(l - x 


and 


coth -1 - synonymous with A log 

a * • ■ x —a 


34. The Gudennannian. 

Attain, the function cos - 'sech u is called the Guder 
mannian of a and written gd u. 

If x = cos~'sech u, 

cos x — sech u, 

sin x = «Jl — sech-it = tanh u , 

, tanh u . , 


and 


tan x = - r— = si nil u. 

sech u 


Hence 

ird u = cos _ 1 sech u = sin ' 'tanh u = tan " 'sinh u. 

o 

35. Further, if u = log tan> 


we have 


X 

14- tan^ 

X 

1 — tan^ 
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whence 


, x e u — 1 

tan 2 = e“+T’ 


and 


Hence 


Thus 


tan x = 


2 tan^ 

1 — tan 2 ^ 


e u —1 
e u 4-1 
/e tt — 1\ 2 
V“ + l/ 


e 2 «_l e u -e~ u . , 

= 2_ 4e =—= 2 =slnh 

a: = tan ~ a sinh u = gd u. 


l°gt a n(| + |)=gd- 1 a: ) 


the inverse Gudermannian of 


EXAMPLES. 


Establish the following results :— 


1. I cosh x dx = sinh x. 

2. j "sinh x dx = cosh x. 

f* 

3. J secli 2 xdx=tanhx. 


4. Jcosech-xdx= — coth x. 

5. = — sech x. 

J cosher 

6. f C ? S } l ‘ Z; dx = — cosech x. 
J sinh*r 


cosh x 
si»h 2 .r 


7. Writing sgx for singdx, etc., establish the following 
results :— 


( a ) J eg x dx = gdx. 
(/?) Jcg 2 xdx=sgx. 

W !£i = tsx - 


tgx. 
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36. Integrals of 


/**+«* and 


The differential coefficient of log, 

plainly —, 1 - . 


x+y/af + a* . 

- - IS 

a 


x + \Zx 2 + a} . , , x 

--— = sinh -1 -. 

a a 

*w^ =c o ah . l? 
a a 


Th " 

Simi, " ,y .bfer-"* 

37. In the inverse hyperbolic forms these results 

resemble that for the integral [— ? = viz. sin -1 -, 

Vc 2 -/ ’’ a 

and the analogy is an aid to the memory. 

38. We might have established the results thus:_ 

To find put x — a sinh u , then 

dx = a cosh it (Zu and # 2 4- a 2 = a cosh u. 

Hence I^T» = I du=U=sinh 'a- 

Similarly putting x = a cosh u, we have 

f dx fasinhucZu f, , x 

=J^=^ = cosh- 1 -. 

Integrals of Vo*^T 2 , 

39. To integrate *Ja 2 —x\ 

Let x = a sin 0 ; 

^ en dx — a cos 0 cZ0, 
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and J *J a 2 — x 2 dx = a 2 J cos 2 GdO 


or 


p 


-f- 


-f-cos 26 


dd 


a ~ • q/i . ^ ~ r \ 

= — sin 26 4- ^6 
4 2 


a 


= ha sin 6 . a cos 6 4- ^ 


7 - wj x>J a 1 — x 1 a 2 . _ x 

a 2 — x 2 dx =-^-h sin A -. 

CL 


2 


40. To integrate %/ a 1 +x\ 

Let x = a sinh 0 , 

then dx — a cosh 0 dz ; 

then since 1 4- sinh 2 s = cosh 2 0 , 

we have J */a 2 4- x 2 dx = a 2 jcosh 2 0 dz 

= ^ j*(cosh 2z 4- 1 ) 0 *? 

a 2 . vo , a ~ z 
= — sinh 2z + -q- 


a 


= ha sinh 0 . a cosh 0 4- ^-z, 

1 


i.e. 


j" +Ja 2 4 - x 2 dx = 


xJa*±o? a* inh ^x 
2 2 a 


or 


x>J a 2 4 - x 2 a 


2 


2 


+V°e 


X 


+ Jo? +a 2 


a 
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41* To integrate 

Let x 

then dx 

then since cosh 2 ; — 1 


O o 

x- — a\ 


a cosh s, 
a sinh z dz ; 
sinh 2 z. 


t.e. 


jV* 2 - a 2 dx = a 2 Jsinh 2 * dz 


— 9 J*(cosh 2z—l)dz 


a 2 . a 2 

4 * smli 2z— 9 


= Ja sinli 2 ". a cosh 2 — 


jV# 2 - 


a 2 2 

X’ 


a 2 dx = 


x>Jx L —a- n 


— 9 - cosh -1 


x%/ x 2 — a 2 a 2 


~ o 


+ \/x 2 — a 2 


42. If we put tan x = t, and therefore sec 2 xdx = dt 
we have 


jsec 3 # dx =. j*n/ 1 -f* * 2 cfr 


2^ h i + \/i 4-O* 

[by Art. 40. j 

_ tan a; sec * , . . 

-2-h 2 log(tan x + sec a:), 


or 


sin x ( j , 1 + sin a: 

2 cos 2 ® + 4 °*r- S m^ 
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43. Integrals of cosec x and sec x. 


Let tan ^ = 3; taking the logarithmic differential 


2 tan^ 


. ? x j dz 
sec-~ax = — 
2 z 


or 


dx dz 


sin x 


Thus 


Jcosec xdx = J^ = log 3 = log tan 


In this example let x = ^ + y 


Then 


and 


dx = dy , 


Jsec ydy = log tan (? +|). 


Hence Jsec x dx = log tan or gd" 1 #. 


44. We have now the 


Additional Standard Forms, 


f dx _ 

J sjx 1 + ci 2 


logX+^ + q^sinh- 1 ?. 


a 


f dx _ 

J s/ xr — a 2 


log 


x 


+ v/r-a 2 _ 


a 


= cosh " 

a 


J^^/a" — x~dx — 
ardx = 
Jv^c 2 — a 2 dx = 


x*J a 2 — x 2 a 2 • 

-2-+ 2 Sm a 


a: 


-+T sinh a 


2 2 


a 
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Jcosec xdx = log tan?. 

jsec x dx = log tan -f- ?) = gd - 1 X . 


Write down the integrals of 

L vTr^’ vr+p* v/l V^-l, Vf+5* 

^+2^’ V2 + 2x-* 2 ’ s/j?-2x + 2’ + TfZ^T 

3. * _* x 2 x 2 

x'l-x 2 ’ N /pcTT’ vr^ 2 ’ x/^a+T 

4. xv/^+1, (x+l)v^Ti, *±L. 

vr +1 

5. ^(xa + a 2 )? (x4-1)(x2+2x+3)^ 

6. ^ + 2x4-3 xa + 2x+3 x 2 + 2x + 3 

\/l-X 2 ’ \/x*+T ’ \ , x 2 + x + \ 


4 . 


>v/£±i. a/I±* n/!+f (x+l)*/x + 2 
•*"1 V 1 -.r’ Vj_; ^^2 


8. cosec 2x, cosec(ax + b), 


1 


1 + tan 3 x 


cos 2 x-sin 2 x’ l-tan 2 x* 3sinx-4sin 3 x 


9. 


sinx + cosx’ a sin x+6 coax’ 

10. Deduce I cosec xdx = log tan - by expressing cosec x 

I(cotf+tan|). 

11. Find Jaecxdx by putting sin x**z. 


as 
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12. Show that /"sec x djr = cosh l (sec.r). 

13. Integrate 

1 1 _ 1 _ 

x log .v’ x log x log(log .r)’ x log x log(log x)log[log(log xf( 

1 

xl{x)l-{x)l\x) ... l r {x)' 

when l r x represents log log log... x, the log being repeated 
r times. 

15. Prove J bi ^?clx=i l°g(^) 

{"St. Peter’s Coll, etc., 18S2.J 


CHAPTER IV 

INTEGRATION BY PARTS. 


46. Integration “ by Parts " of a Product. 

d \ dv , du 

^uv) = u^ + v^ 


Since 


it follows that uv = \y- d ^dx Xr^v—dx, 

0r l U dx d * = UV ~S v 3x dx - 

If u — ^x) and ^ = ^(z), 80 that v = ^\js(x)dx y the 
above rule may be written 

\<t>{*)yKx)dx= - J <p'(x) Q ^(x)dx^ dx, 

or interchanging <p(x) and \)s(x) y 

\'Kx)^(x)dx = VK*)Q0(r)dr] - ^(x)^(x)dx~^dx 

Thus in integrating the product of two functions, if 
the integral be not at once obtainable, it is possible 
wnen the integral of either one is known, say \fs(x) t to 
connect the integral - 

\<p(x)\js(x)dx 
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with a new integral J^ , (*)Q|V r ( a5 )^ aj ^^ a5 


which may be more easily integrable than the original 
product. 


46. The rule may be put into words thus:— 
Integral of the product <p(x)\Js(x) 

= 1st function X Integral of 2nd 

— the Integral of [Diff. Co. of 1st x Int. of 2nd]. 


Ex. 1. Integrate x cos nx. 

Here it is important to connect if possible | x cos nx dr with 

another integral in which the factor * has been removed. This 
may be done if x be chosen as the function <£{*), since in the 
second integral <f>(x), i.e. unity, occurs in place of x. Then 

, , . f ,, \j sin nx 

cf>(x) = x , = cos nx, / yjr(x)dx = —-— 

Thus by the rule 

fx cos nxd*=x*i “ff - f l.*L?*dx 
J n J n 

sin nx 1 / cos nx 


n n\ n 

sin nx . cos nx 

— X -1-s- 

n n l 

47. Unity may be taken as ore of the factors to aid 
an integration. 



xdx 


= I 1 . log x dx 

=x log x — jx^-(\ogx)dx 

=x log x — J 1 dx 
=x(log x— l)—x log. 


Thus 
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48. The operation of integrating by parts may be 
repeated several times. 


Thus 


x*cos nx dx 


x*sin nx 


n nr C 
n J 


2x?^dx, 
n 


and 


final] v. 


Hence 


j x sin nxdx — x(^ - — 97U ^ - J \ . ( _ cosnx ^^ . 

/ 

/ 


cos nx dx — 


sin nx 
• 

n 


j4cos nx dx = 


_ x-sm nx 2F _xcosnx sin nxl 

n n L n n 2 J 

x^in nx 2x cos nx 2 sin nx 

i ~Z "" ~ • 


n 


49. If one of the subsidiary integrals returns into 
the original form this fact may be utilized to infer the 
result of the integration. 

Ex. 1 . fe^inbxdx =—sin&x — - fe^cosbxdx, 

•' a a J 

an( l J e^cos bxdx — —cos bx + e"sin bx dx ; 

therefore, if P and Q stand respectively for 

j e^sin bx dx and J e“cos bx dx, 


we have 

aP+ bQ = e ax sin bx, 

and 

— bP+aQ = e ll *co3bx t 

whence 

n „a sinfcx — b cosbx 
P ~^ a 2 + b 2 


= (a*-+■6 2 ) _ ^tf a *sin ^bx- 

and 

d^^b sin 6x-f a cos bx 
V a*+ 6* 


-»(a*+^"^c^cos (bx- 
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The student will observe that these results are the same that 
we should obtain by putting n= - 1 in the formulae 

( <L Ye“ s[n bx=(a 2 + brfe“l™(bx + ntSLn- i -). 

\dx) cos cos \ a' 

[Diff. Calc, for Beginners , Art. 61, Ex. 4.] 

And this is otherwise obvious. For if to differentiate 
e* xS * n (6.r) j s t ] ie same as to multiply by a factor Ja 1 + b- and to 
increase the angle by tan" 1 -, the integration, which is the 

CL 

inverse operation, must divide out again the factor \a- + b- 
and diminish the angle by tan” 1 -. 


Ex. 2. Integrate -x 2 by the rule of integration by parts. 

/ */a- — x 2 dx = x\ r a i — x- — J x ^{sfa^-~^)dx 

_ f x2 

=x\'a- - .c 2 4- I / 2 dx 


— x\ f a- — x 2 + 


fa 2 - ( a 2 - x 2 ) 

J Jo? —a? 


dx 


[Note this step.] 


=Wa 2 - x 2 +a 2 sin- 1 ^ - J Ja*-3?dx\ 


whence, transposing and dividing by 2, 


f - -* t xJa/ 

j k a- — x- dx =-j 


* /a *Z?. + a l B in--?, 
2 2 a 


which agrees with the result of Art. 39. 

Ex. 3 Integrate e^sin-j-cos 5 .r. 

Here e^sinvr cos 3 x = — sin 2 2.r cos x = 1 — cos 4 j V os x 

4 o 

•=_l_(2e 3x cos x - er^cos 3x - e^coa 5x). 

16 
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Hence, by Ex. 1, 

“^ eos ( ar -5)-^5 cos ( 6i - u,1 “1)} 

[Compare Ex. 16, p. 55, Diff. Calc, for Beqinners, putting 
71 = — 1 in the result.] 


I e Sx siD 3 x cos 3 j * civ = 



Integrate by parts : 

1. xe *, aPe*, .rV, x cosh x, jrcoshx. 

2. x cos x, x 2 coa x , x cos 2x f x cos-x, X C. 03 2 X. 

3. x sin .r cos x, .rain .rain 2a: sin 3x. 

4. .r 5 log x } x n logx, x n (logx) 2 . 

5. e^sin x cos x, casino:cos x cos 2.r. 

6. e“sin/>.r sin 9 .r 8 inr.r. 


7. Calculate j xsinxdx, I xsin 2 xdx, j W x 2 siuxdx. 

'o J o *0 

8. Show that ["*/a 1 — x 2 dx = j IY1. 

I 4 

9. Integrate Jsin-'xdx , JxBin-'xdx, Jx 2 &in~ 1 xdx. 


50. Geometrical Illustration. 

Let PQ be any arc of a curve referred to rectangular 

axes Ox, Oy, and let the coordinates of P be (x n , i/A 
and of Q (x v yj. 

Let PN, QM be the ordinates and P.N v QM. the 
abscissae of the points P, Q. Then plainly 

area PNMQ = rect. OQ- rect. OP - area PN\M 1 Q. 

area PNMQ = f y dx, 
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and 

Thus 




l 


Fig. 7. 


Let us now consider the curve to be defined by the 
equations 

x = <p(t) = u, say, 
and y = y]At) = v y say, 

and let t 0 and t x be the values of t corresponding to 
the values x 0 , y Qy and x v y l of x and y respectively. 
We then have 
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so that the equation above may be written 

and thus the rule of integration by parts is established 
geometrically. 

51. Integrals of the Form 

ja^sin nx dx, (x m cos nxdx. 


Reduction formulae for such integrals as the above 
r ^ a( iily be found. Denote them respectively by 
onc<f nd Then, integrating by parts, we have at 




x 


m 


cos nx m n 


and C m = _ HHg . 


Thus 


n 


n 




and C m = ^ n gPjy_mr ^^ coanx m- 

nL n n 


ix. S m = — x m 


and C m =z 


x' 


x 


m 


n 

c os nx 
n 

si n nx 
n 


■] 


-\-mx 7j2 "«-s» 

_ 1 cosna; m(m — 1)^ 
'-^ 2 ~ ** Cn '-* 




Thus when the four integrals for the cases ?>i = 0 
and m = l are found, viz., 


8 t 


I 8i 


, cos nx 

sm nxdx= -, 

n 
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C °=I 

S 1 = si 

C.-f 


cos nx dx = 


sin nx 
n 


, cos nx , sin nx 

sin nx ax = —x -1-- 


n 


I* > 

71 - 


7 sin nx cosnx 

x cos nx dx = x -r 


n n 

all others can be deduced by successive applications of 
the above formulae. 

52. Extension of the Rule for Integration by 
Parts. 

If u and v be functions of x and dashes denote 
differentiations and suffixes integrations with respect 
to x we may prove the following extension of the 
rule for integration by parts, 

v dx = uv j — u'v 2 -f u"v 3 — u"'v 4 + ... 

-f ( — 1 ) M - 1 id" - + ( — 1 ) n ju< n >t; n dx, 

where is written for u with n—\ dashes; for 

j* ilv dx = uv\ — J u'v 1 dx, 

J ii%\dx = u'v 2 —^u"v 2 dx, 

j* u'v 2 dx =u"v 3 —^u"v z dx, 

^ii"v 2 dx = u"\\ — ju""v 4 dx, 
etc. = etc. 

jtt< n ~- ) v n - 2 dx = u<" " 2 >v„ _ i - Ju< n " »v n . i dx, 

| u (» - v Vn _ 1 dx = u^ n ~ l) v n — ^u^Vndx. 
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Hence adding and subtracting alternately 

J uv dx = uv x - u\ + uv z - il"'v 4 -f... 
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+ (-!)»-%(»- % n + ( “ 1)" J U^V n dx. 


Ex. 1. If we apply this rule to fx m e^dx, we immediately 
obtain ^ 

J a a- A a 3 

- m(m - 1 )(m - 2>r m ~ 3 ^+... + (- 1 )'" m t JlI 

a 4 a m+1 

Ex. 2. It will be at once seen that the integrals 

J a^sin 7 ix dx and j x m cos nx dx 
of the last article may be treated in this way. 


EXAMPLES. 

Write down the integrals of 

1. x*e* , jr’cosh x, a^sinh x. 

2. a^sin x , a^sin x, ar’sin 2 ^ a^sin x cos .r. 

3. Evaluate j* a^sin xdx, J x*cos xdx } ^xVdar. 

0 0 *0 

53. The determination of the integrals 

JsV^sin fr x fa, Ja;"e<i*cos bx dx , 

may be at once effected. 

For remembering 


i 


sin. j c^sin,, . 

e®* bx dx = — _ _ _(bx — 0) 


cos 


r cos 


where 


r = \/a 2 + b* and tan 0 = - 

r a 
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we have 


f . x n 

J o^e^sin bxdx = — e“sin (bx — 0 ) — 


nx 


n-1 


. 

e^sin (bx—2<f>) 


+ " 2 c a *sin (bx — 3(f>)— ... 


7l! 


+ (- 1 ) n ^Ti e< “ 8in (6* - n +10), 

e^JP sin foe — Qcos foe} 


or 

where 

P=—cos — COS 20+ 71(71 — 1)-—- cos 30 — 




n 


0 ) 


n-1 


Q = y sin 0 — 71^2- sin 20 + 7 i(n — 1)^- sin 30— ... 
Similarly 

x n e ax co3 bx dx = e ax {P cos bx + Q sin bx }. 

Ex. 1. Integrate Jx 3 e I ainxdx. 


n - 2 


f 


j e* si 


Since I c*sui x dx = 2~e x sin 


in ( x -i)- 


we have ptV'sin xdx=x 3 2 5 e'sin^a: — ^ — 3.^2 T e a fein 


in ( x ~l ) 

+ 6.r.2 ^e*sin^x— ~ 6.2^ff*sin(.r— tt ) 


Ex. 2. Prove 


= etc. 


f 




n! 


ar n e*sin x dx = e 1 ^ \ ) r - 

»=o (n-r)! 


x "~ r 2 


— • f 

2 sin-j x — 


(r+lW) 


/• 


EXAMPLES. 


1. 


Integrate (a) j"e m tin ~' x dx. 

(b) J x 2 sin -1 
w /* sec 2 jr c£r. 


_1 -r cte. 


(<£) J tan—'or dx. 

(e) J .retail - 1 x dx. 

(/) J cos^-^c&r. 



integration by parts. 
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2. Integrate (a) /*•** siu 

•'(l-.r 8 )* 

( c ) Ain- 1 a/ * rf,.. 

’ a + x 

W f^'^dx. 

• (1 -*2)* 

(rf) JxBin- 1 ^yJ 2a -* c l J ;_ 

3. Integrate (a) 

J 1 -f x- 

(o) f 

*' (1 + X*)$ 

i'^-nUn-ix 

J (Y+^y^’ 

/»v r /> m - *jt 

w / 

J (1 + X 2 )* 


' Integrate W /e'(smx+cosx)dt. (rf) f x C osh 


a^sin6x<£r.. 


(ft) J^sinrxdr. 


(e) J.r-2'sin 2;cdx. 


(c) |coah or ain 6x dx. (f) J cos {blogZjdx. 


5. Integrate 

Jlog^sin-^ctr. 

6. Integrate 

f(x + l)‘ djr - 

7. Integrate 

flog(cos0 + Vcos 20 } rn 

J 1-cos *0 ** [a, 1891.]. 

8. Integrate 

9. Integrate (a) 

fcos201o g a + tan 0 )d 0 . 

[7, 1882. ] 

r.l+sm^ 

y 1+cosx far ATH. Tiupos, 1892.] 


W-” ni ir. 

7 1 “ COSX [a, ISM.] 

10. Prove that 

/*£■"-*£-£*/'S*- 

11. Integrate 

/* 

J (a ain*r + 26 sin a.- cos x + c cos 3 x>rVx. 

E.I.O. 

(a, 1883.] < 

n 
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12. Show that if u be a rational integral function of x y 

s+-}, 

where the series within the brackets is necessarily finite. 

r . [Thin. Coll., 188LJ 

13. If u = I (f^cos bxdx, v= f e^s in bx dx, prove that 

tan -1 -+ tan -1 —= bx, 


and tliat 

14. Prove that 


(a- + U)(u- + v>) = <r~. 


/■*"( lo S *)’<** = ^f( lo g *)" - nTiJ Wlog x)—'dx. 


Also that 


[x m ( log x) u dx = x [~ l n — V: l n ~ l + n ( n ~ *) ;»-2 

^ 771 +1L m+\ (m+l)* 

— w(n-lXn-2) M _, , _j_( — l) n-1 n! 7 j (-l)"n!“| 

where £ stands for logx. 


15. Prove that 


(i.) f ^ x COB"bxdx = a co9 + 

J a-+ rrb* 


+ i ^6* f *“cos n ~ 2 6.r c/x. 

a 3 + n - 6 2 y 

(iL) f bx 

J a- + n J b J 


a 3 + n 2 6 3 

[Bertra.vd.J 

16. Evaluate fx*\og(l —x 1 )dx i and deduce that 


1 , 1 . 1 , 8 2 . 0 

1 6~^2 7*^3 9— 9 3 


[a, 1888. J 


CHAPTER V. 


RATIONAL ALGEBRAIC fractional forms. 

PARTIAL FRACTIONS. 

Algebhaic Fractional Forms. 

54 Integration of 

a?—ar' X>a ^’ and 

Fracticms. 0f Thus f ° rmS Sh ° U ' d ^ thrOWn into Par tial 

( x ~ a - ^yy* 

= 2^[Iog (X - a ) - log (x + a)] 

i r i 

, = — coth " 

' L a 


la 3 -7? - 2a 1 (y* + ^h)'- r 

“2aP°g ( a +x)~l°g( (( —z)] 

~ a a—x La aj 


a 
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Compare the forms of the results in square brackets 
with the result before tabulated for 




a 2 + x 2 


viz.. 


dx 1 
-= - tan 1 


+x 2 a 


x ) 
a / 


55. Integration of J 


dx 


aocr + bx + c 


Let I 


-if 

aj 


dx 


x*+-x + - 

a a 


-if. 

aj 


dx 


'„^b\ 2 b 2 — 4ac 
+ 2 a) ~ 4a 2 


oi 


if: 


dx 




2a/ 


4a 2 


we take the former or the latter arrangement ac 
cording as b 2 is > or < 4ac. 

Thus if b 2 > 4 ac, 

j _ I j 4-b — \J b 2 — 4 ac 

Jb 2 — 4ac 2ax + b -f s/b 2 — ■ 4ac 


or 


- r J coth - >-^s±L. 

s/b- — 4ac Jb 2 - 4ac 


If b 2 < 4ac, 

r 2 2ax + b 

/ = — , tan - 1 —> - — 

v 4 ac — b 2 \J4ac — b 2 


or 


2 2a#-f-5 

— / — COt" 1 — 7 — 

v4ac — 6 2 \/4ac — b 2 


These expressions differ at most by constants, but in 
any given case a real form should be chosen. 
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56. Integrals of expressions of the form 

px + q 

ax 2 -f bx + c 

can be obtained at once by the following transforma¬ 
tion ° , 

pb 

px + q p (2ax + b) , (] ~2a 

axr+bx+c 2a axt + bx + c*ax 2 +bx+c 

the integral of the first part being 

^lo g(ax 2 + bx + c\ 

and that of the second part being obtained by the last 
article. 

[The beginner should notice how the above form is 
obtained. It is essential that the numerator of the 
Jirst fraction shall be the differential coefficient of the 
denominator , and that all the x’s of the numerator 
are thereby exhausted.] 


Ex. 

J X 2 4 - A 


dx 




2.r + 4 


_ 2 _ 1 

(x -f 2)- +1J 


dx 


■ X s '+ 4x + 5“* J L2 X s + Ax + 5 (x + 2) 

= £ log(j *+Ax + 5) - 2 tan-^c -f 2). 

. ^7. Although the expression px + q may be thrown 
into the form „ 7 

£(2o*+6) +9 f-g 

by inspection , we might proceed thus:— 

^ et px + q = \(2ax+b) + /u, 

where X and y are constants to be determined. Then 
by comparing coefficients, 

2a X=p, n + \b = q t 


X= P_ 

X 2a 


and /ji = q~S^ 


2a 


giving 
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Integrate 


1 


x dx 


. [ 

J ^ + 2 x + 3 

fxdx 
J X 1 


& + 2x+ 1 




x+ 1 


x* + 4x + lj 


dx 


4. 


5. 


G. 


A 

I 

f 


(x+ \ )dx 
3 + 2x-x* 


<*-'* d x 
J x* + ‘2x+ 2 


2j 2 -4-3j* + 4 


/ 


J ^ 2 + 6x+10 


<£r. 


General Fraction with Rational Numerator 
ana Denominator. 

Expressions of the form where f(x) and <p(xi) 

are rational integral algebraic functions of x, can he 
integrated by resolution into Partial Fractions. 

d putting such an expresvsion into 

Partial r ractions has been discussed in the Differential 
Calculus for Beginners, Art. 66. When the numerator 
is of lower degree than the denominator the result 
consists of the sum of several such terms as 


A 


Ax + B 


and 


Ax+B 


x-a' (x-a) r> ax 2 +bx + c’ [(x + a) 2 + b 2 ff 

And when the numerator is of as high or higher 
degree than the denominator we may diiride out until 
the numerator of the remaining fraction is of lower 
degree The terms of the quotient can in that case 
he integrated at once and the remaining fraction may 
be put into Partial Fractions as indicated above. 

iSow any partial fraction of the form- integrates 

at once into A log (x — a) x — a 

Any fraction of the form ^ integrates into 


(x — a) r 


A 


r—1 (x — a) 


r-1’ 
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An^ fraction of the form —— has been dis¬ 
cussed in Art. 5G. ax- + bx + c 

r o w hen any repeated quadratic factor such as 
L(*+ '-*)“+& 2 ] r occurs in <p(x) giving rise to partial 

fractions such as we may integrate such 

a fraction by the substitution x + a = b tan 6 , by aid of 
Art. 67 or Art. 83. J 

. it 3 s frequently better to factorize (x -f a) 2 -f b 2 
into its imaginary conjugate factors x+a + ib and 
x + a — <6, and obtain conjugate pairs of partial frac- 

tions of the form —f Tr + r j - ~' Q , v which may 

. . {x + a + iby (x + a — ib) r J 

then be integrated and the result reduced to real form 

by aid of De Moivre’s Theorem, as in Art. 63, Biff, 
taic. for Beginners. 

59. Ex. 1. Integrate f **+P*+1 A, 

We have J(*-«X*-*X*-> 

—f 8 +/** + ? a*+pa + q 1 b*+pb + g 1 

(-T — ci)(x ~ b)(x — c) (a — b\a — c) x — a (b — c)(b — a ) x—b 

, c*+pc + q 1 _ y, a 2 +pa 4 - q 1 _ 

(c- a%c — b) x — c~ ^(a- b%a - c) x-a ’ 

and the integral is log(x- a). 

(a - b)(a - c) 


®x. 2. Integrate f - 

J(x- 


1X^+4)^ 


Let 

Then 

Thus 


whence 
ami 


x 


_ x _ A Bx + C 

{x-l)(x* + 4)~x-l + 1F+T 
A(x*+4)+(Bx + C)(x-1)=x. 
A+B= 0, 

C-B= 1, 

4A-C=0 ; 

4=b B=~b C=b 

_1 1 1 x-4 1 1 1 


(*-lX** + 4) 5x-l 5x* + 4 5x-l 10 j j + 4 + 5 x s + 4 ’ 


2x 1 1 
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and the integral is 


-log(ar-l) 

kJ 


^log(^+4)+|tan->| 


Ex. 3. Integrate /_ 

J (x — 

Put 


^2 


dx. 


(x-l)3(. r +l) 

x-l= ?/ . 

Hence the fraction becomes — ( 1 + - 7 /) 2 

y\2+y) 

Dividing out until y 3 is a factor of the remainder, 

2+y ) l + 2y+y*( + 

l+jy 2+ ^ 

»y+ y 2 
3y+jy 2 

£y 2 

Hence the fraction 

0 +y) 2 _ 1 3_1_ 1111 

> ^(S+y) 2y 3 + 4 t y- + 8y 8 2+y 

and therefore 

, _*!_ = I _L , 3 ,1 i 

(•r-iyV+l) 2 (or— l) 3_+ "4(^— l) 2_f_ 8(^r— 1) 8(^+1)’ 

and the integral is 

- 4 - i(^TT+g lo e (x - J ) - g Io s^ +1 )- 


Ex 


. 4. Integrate /_ ^ dx 

J(x-l)\x*+l)’ 

Let .r = 1 -f-y ; then 


or 2 


1 + 2 y +y 2 


(x-l)<(a?+l) y*(2 + 3y + 3y*+y*)' 
We now divide out 

l+2y+y 2 by 2 + 3y + 3y 2 -i-y3 
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until y 4 is a factor of the remainder. To shorten the work we 
use detached coefficients : 


2 + 3 + 3 +1 ) 1+2 + 1 ( J + fcf-fcfM-fty*- 

1+§ + & + 1 

HHi + 1 

-f-f-i 

-t-V-V- t 

t+v+» 

f +M+M+ A 

ii ~ tV ~ Vk 


Hence 


.2 


11 5 5 1 11 — 5y — by* 

(.r-l^ + l) 2y 4 + 4y 3 8y 2+ 16y 16 :r» + l ' 


Now ll-5y-5y 2 = ll-5(.r-l)-5(.r-l) 2 =ll+5.r-5.r 2 , 
and by Rule 2, p. 61, of the Diff. Calc, for Beginners , 

ll + 5x—5X 2 1 XC**) 


and 


X(*) = 


(.r+lX^-x+l) + iy x*-x + 1 ’ 

ll+5x-5x 2 1 x 2 -x+l 32 + 16^-16^*2 


JT+ 1 


X+l 


3(.r+1) 


16 2+x-x* 16/g . 
3 1+x 3 '* 


Th 


us 


X- 


(.r-l^ + l) 2(x-l) 4 + 4(x-l) 3 8(x-l) 2 


5 


1 1 1 (2x— 1) — 3 

16(07— 1) ' 48 x+l 6 X--X+1 


+ 


and the integral is plainly 


6(x-l f 8(x-l) 2 + 8(x-l)' f 16 l0g ^' r 1} 

+ ^ log <^ +1) - ^ lo g(^ 2 - ^ + 1 ) +-^ tan- l ^ri. 

o2 


■J.o. 
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EXAMPLES 


1. Integrate with regard to x the following expressions 


(i-) 


, ,x-a\x-b') 


, .x 1 - 3x 2 
(V, ) 3^? 


<"> i^TT) 

(iii.) x^x + a^x + fc)- 1 . 

,. x .r 2 +1 

(1V ) i ( inrry 


, v _ x 2 4-1 _ 

(2^ + l)(x-1X^+1) 

2. Evaluate 

( ' 0 /(x-l«*+1)' 

(n ) f (x-i)\x+i~y 


)V+i)' 


.... X f {x+\)dx_ 

( ) ) (x-l)H.x + 2) r 


3. Integrate 


) / (x 2 + a 2 Xx 3 + 6 Y )' 

r(x 2 +a 2 Xf!±J> 2 W. 

(ll ° 


<V1L) (x - aXx - 6)(x - c)* 
(viii ) ( *- q X*-&) 

C ' (x-cXx-rf) 

x (. x-a){x-b){x-c) 

' (x - Oi)(x - fcjXx - Cj) 

x 2 

(x ) (x +1X-* 7 — 2)(x + 3)* 

(iv.) j(aa? + bx*)~'dx. 

(v.) j(x*-l)-'dx. 

(V1,) l(x-a)*(x-bXx-c} 

.... x /■ x2tfx 

J(F+i)(a*«+iy 

f (x* + l )<ix 

(lV,) J(x 2 + 2X2x*+l) 


4. Integrate 


(i.) / 


x<ir 


x 4 + x»+l* 


(i i ) f —^ fix. 


(-) Z£i- 


(v.) f(xt + a*)(x‘ + a*x*+a\-'Jx. 


(vi.) j(x*-a?Xx< + * 2 x* + a , )-'<ix. 

(-) < viii ->/A- 


(viii.) Z^T 
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5. Integrate 


/• x .rctr 
**-l - 

(vi.) 

(\i \ (3 jt 2 +1 
( } *(**-1) * 

(vii.) 

( } (x-2)(^ + 4)' 

(viii.) 

(iv.) £3*. 

(ix.) 

(y\ (*-\)dX 

'* (*+ixi»+iy 

(x.) 

Integrate 


a \ x'dx 

’ {x - 2)%r a - 2or + 4)' 

(vi.) 

(ii) _ 

(l+x)*(l+2x+4**y 

(vii.) 

fiii ^ ***** 

0 (.r-l)X^+4)' 

(viii.) 

fiv ) <** 

{ 0 C^+m^+ry 

(ix.) 

(v } dx 

y (x-i)*(.^+iy 

(x.) 


dx 

x* -f — 9* 
dx 

(x+i)(x'-iy 

dx 

(.r-+ l)(.r* —ar + 1) 
dx 

x*dx 

(x 3 4-1 X-r ~ 4) 

dx 

x(x- lYiaf+l)' 
dx 

j \ 1 + 3a J +"£r 6 )' 

(jr + a)<£r 
x\x - a (x* + a*)* 

2 xdx 

(f+j-Xl +-r*) 8 ' 

1 


•*•(.*-*+1)» 


• J_ .j 

7. Evaluate j \^tan Odd ami j s'cot t)dt). 

o o 


dx. 


8. Obtain the value of j 


J dx 

c«m 4 x - coa*x ain*r+«in 4 j 


9. Investigate [* r — comxtlr 

* J (1 + sin x)(2 + ain x) 


10. Show that j 


j*dx 


./ (** + + ^X-* 4 + < 7 *) *(*» + &Xf+ cX« 4-«) 
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11. Prove that 


dx 


— cc 


(a? ±ax + a-)(x- ± bx 4- b-) 


2 - ct + 6 

n '3 ab(a- + ab + b~) 

[Colleges y, 1891.] 


12. Show that tlie sum of the inhnite series 


1 1 + 1 


+ ... 


(a> 0, 6>0) 


a a + b a + 2b a + 3b 
can be expressed in the form 

rl fa — 1 

—,dt\ 

J 1 +t° 

0 

and hence prove that 

l-l+t-A+A-A+-=l(’ r 3 _i+lo s^)- 

[Oxford, 1887.] 


CHAPTER VI. 


SUNDRY STANDARD METHODS. 


r /9 /m 

60 . Integration of J where R = ax 2 + < lbx+c t 
Case I. a Positive. 

When a is positive we may write this integral as 


V 

which we may arrange as 

dx 


1 f- 

dx 

v/«J 




a J a 2 


. or 

a c V 


y 


dx 


V(* + a 




according as b- is greater or less than ac, and the real 
form of the integral is therefore (Art. 36) 


:osh-> “2+1 


1 . , aa + 6 

or '-,.-smh 

ac v a vac-i 


according as 6 2 is > or < ac 
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In either case the integral may be written in the 
logarithmic form 

-^jr^ log ( ax + b- f x/ cisjax 2 + 2 bx+c), 

the constant —>= log sjb 2 ~ ac being omitted. 

v a 


Also since 


and 


cosh ~ 1 z = 
sinh " l z = 


J-cosh-i— + — 

Ja 


sinh -1 v z 2 — l, 

cosh ' 1 \/z 2 +l, 

1 . , . aR 

~/= sinh ~ 1 / 

V a s/b^ — ac 


, 1 ... axA-b 1 , , aR 

and —7— sinh < - — 7= cosh /--> 

V a *Jac — b 2 v a s/ac — b z 

which forms therefore may be taken when a is positive 
and b 2 is greater or less than ac respectively. 


61. Case II. a Negative. 

If in the integral f—r -r - 

^ )Jax 2 + 2bx + c 


, a be negative, 


write a = 


— A. Then our integral may be written 
If dx 


I f_ jdx _ 


or 


1 f 

-s/AJ lAc+b 2 

V ~ 42 — 


6 \ 2? 


-( x -z) 


or 


— 7 -= sin 


, Ax—b . 1 

- 1 —==-. i.e. ,— = sin 

vAc-f-6 2 +J— a 


— ax — 


Jb 2 - 


ac 
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or omitting a constant 

1 + 6 


/-== cos — 

V& 2 - 


a 

Also since 
we have 


ac 


[^for - sin ~ 1 z = cos ~ l z - Z] 


cos 


cos _1 s: = sin- 1 v/l — 2 2 , 
- aX ±L = sin-i-^ 


\/b 2 — ac 


s/b 2 — ac 

It thus appears that when R = ax 2 -f 2bx 4- c 

1 ™ 


f.is 

Vij - ' 


“"fcc' “negative, 

V s/b 2 — ac 

or cosh - . 

a v ac — b 2 


b 2 > ac. 
a positive. 

& 2 < ac. 


and the real form is to be chosen in each case. 


Ex. 1. 


dx 


Integrate / —-__. 

J v2j 2 + 3jt + 4 

We may write this 


-u 


dx 


i.e. 


or 


i.a. 


Jix+iy+u 

= -isinh- 1 ^±?, 

V2 v/23 

= -L cosh _ 1 ?^v/2jr 2 + 3or + 4, 
v2 ^23 

the integral = -L log(4x + 3 + 2v^V^T&r + 4) 
^rejecting the constant ~ log— 
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Ex. 2. Integrate f — 

JJ 4 + 3.r- 

This integral may be written 

O * 


2jt 


and therefore is 


_ 1 | dx 

*/ 2 .' Vf 

1 . _i4x - 3 

sin 

V2 v 41 


whicli may also be expressed as 


1 _j2v/2 / T 

—;COs 1 ,_ V4 

*/2 v 41 


+ 3x- 


EXAMPLES. 

dx f 


Integrate f ■ . x I - 7 = 

J Vx 2 4- 2-r 4- 3 v 2x‘ 


Integrate / - / — _ — . 

V24-3.r - 2x=-' J */’2-3x-2x* 

integrate J s^a + ^bx + cj^dx (c positive). 

A 

Integrate I a + 2bx — c.r 2 dx (c positive). 


c£r_ 

2#* 4- 2x+3 
dx 


3 x - 2^2 


may 


| _ 

62. Functions of the Form - 7 ===== may 

V a# 2 + 26a?-be 

be integrated by first putting Aa? + i? into the form 

A(ax + 5) + /x, 

which may be done as in Art. 57, either by inspection 
or by equating coefficients; we obtain 


\x \-B =~(ax + b) + B — 

Cl Cl 


Thus 

Ax-\-B 


ax + b 


B- 


Ab 


=+ 


Jax 2 A-2bx + c a Jaxr+Zbx + c Jax*Ar^bx + c 
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The integral of the first fraction is 


s,/(u:- + 2Lv + c; 

and that of the second has been discussed in Articles 

60 . 61 . 


Integrate 

EXAMPLES. 


1 ■3*4* 1 

A 2x4*3 

~ x 2 4*^4-1 

v'x 3 + 2x4-3 

' Jx*-l 

Jx* + 2x 4- 3 

2. X . 
Jjc^+a* 

K 2x4-3 

■ JxS+x + 1 

q x 3 4- x 2 +x 4- 1 
Vx 2 + 2x4*3 

3 x + b 

G • rS + 1 

• 

v^x 2 4- a 2 

■ • 4-4 



Powers and Products of Sines and Cosines. 


63. Sine or Cosine with Positive Odd Integral 
Index. 

Any odd positive power of a sine or cosine can be 
integrated immediately thus :— 

To integrate j*sin 2n+1 a: dx, let cos x — c, 

sin xdx= — dc, 

Hence 


jsin 2n+1 aj dx — —1(1 —c 2 ) n dc 
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Similarly, putting sin# = s, and therefore cos xdx=ds, 
we have 


f 


cos 2n+1 # dx 


= J (1 — s 2 )" 


ds 


sin 3 # , 71(71 — 1 ) sin 5 # . . , w sin 2 w+l a? 
= sin x — 7i—^-h — \ ' - —=- ...+( — l) n - 


1 2 


2ti + 1 


64. Product of form sin p a? cos 9 a?, p or q odd. 

Similarly, any product of the form sin p # cos 9 # 
admits of immediate integration by the same method 
whenever either p or q is a positive odd integer , what¬ 
ever the other be. 

For example, to integrate f sin 6 xcos 4 xdx, put cos:r=c, and 
therefore —sin xdx = dc. 

Hence J cos 4 x ein 6 x dx = — J c*(l — c i ) t dc 

cos*r _cos 7 .r cos®.r 

_____ — 

Again to integrate J ain^xcos 3 xdx we proceed thus :— 

= f 8in^r(l — 8in 2 ar)cf (sin x) 

k • ! * - V 

= § sin 6 .r — sin 6 x. 

66. When p + q is a negative even integer, the 

expression sin*# cos 9 # admits of immediate integration 
in terms of tan x or cot x. 

For put tan x = t, and therefore sec 2 # dx = dt, and let 
p + q = — 2n, n being integral. Thus 

Jsin p # cos 9 # dx = j*tan p # cos p+9+2 # dt = ^t p (\ 4- t z ) n ~ 1 dt 
= [(<? + »■- I C' 1 <J’+ 2 + n - 1 C 2 tP+ 4 +... + <*+*•' 2 )dt 


tan p+1 # 

p +1 


+ n ~ 1 C 1 


tan p+s # 


p + 3 


+ 


n-1 


a 


tan p+5 # 

! p- f-5 


+ ... + 


tan p+2n_1 # 
p + 2 n — 1 
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Similarly, if we put cot x = c, then - cosec 2 * dx = dc 
and ’ 

jsinP.rcos*x dx = -jcot*x sinP+* +2 r dc = -jc?( 1 -f c 2 ) n ~ l dc 


coti+'x n _,„cotf +3 x ln cot*+*x 

1 


(X>t q+2n ~ 1 X 


5 + 1 1 5 + 3 ~ 2 5 + 5 • 5+ 2n — 1 

a result the same as the former arranged in the on- 
posite order. r 

Ex- 1. Integrate f coe ^dx. 

J 8in®r 

This may be written 

~ f cot-r(l + cot 2 x)d cotar, 

Mid the result is therefore 

_cot 3 or cot 5 .r 

“~3 5~ 

It may also be integrated in terms of tan or thus :_ 

/£&*-J Js-J 1 *=£?, 

the result being the same as before. 

Ex. 2. 

/sec* 0 cosec 1 0dO =Jt^n~ l 0dtane=-^Un~ i $= -jcot*0. 

66. Use of Multiple Angles. 

Any positive integral power of a sine or cosine, or 
any product of positive integral powers of sines and 
cosines, can be expressed by trigonometrical means in 
a series of sines or cosines of multiples of the angle, 
and then each term may be integrated at once; for 


[cos nxdx — smnx an( j 
J n 




sin nxdx — — 


cos nx 
n 
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Ex. 1 . lcoa 2 xdx = J * + -° ! - 
Ex. 2 . | cos*\r <£r = J ^ cos . _ 

Ex. 3. / cos 4 .? c£r=J ^ - + - ‘ 


1 + cos 2 o;^ r _.r sin 2 a; 
2 ' ~2 + 4 


3 cos x 4- cos 3a; 


dx=\ sin a; + y I s sin 3a;. 


1 + cos 2 a ;\ 2 , 

—r~) dx 


- 1+2 cos 2 a; + —-—-- 

= J 4 dx 

— J(jf+£ cos 2a; + £ cos 4r )dx 
= §a; + ^ sin 2a;+ 3 ^ sin 4a;. 

67. It has already been shown that when the index 
is odd no such transformation is necessary, thus in 
the second example 


1 + cos 4a; 


cos 


Kvdx= f(l -sin 2 a;)c?sina; = sina; — 


which presents the result in different form. The 
method we are now discussing will therefore be of 
more especial value for the case of sin^#cos?#, where 
neither p nor q are odd. 

Ex. 4. Integrate Jsin s xdx. 

Let cos.r + * sinor=y ; then 

2 cos x = ?/ + -, 2 cos 7 ix =y w + -L, 


Thus 


2 8 i 6 sin 8 .r 


2 1 sin x=y — 


= (✓ +y 8 ) -»{/ + p) +28 (/ + ?) - 56 { y2 + p) +70 
= 2 cos 8 a; — 16 cos 6 a;+ 56 cos 4a;— 112 cos 2x + 70. 


2 t sin nx — y n — —. 

* y 
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Thus sin*.r = L(cos 8x — 8 cos 6x 4- 28 cos 4x — 56 cos 2.r 4- 35), 


and I sin 5 x dx = 


sin 8x _ gsin 6x 


8 


4- 28 sm 4x - 56——' 4- 35x1. 
4 2 J 


Ex. 5. Integrate j sin 6 x cos 2 x dr. 

Put cosx4-t sinx=y ; then 
2®t 6 sin 6 x. 2 2 cos 2 x 

= (^-^)°(y + i)* [See Art. 68.] 

=y ,+ p- 4 (^+p)+ 4 (y 1 +^)+4(j' ! +p) -10 

= 2 cos 8x — 8 cos 6x4-8 cos 4x4-8 cos 2x - 10, 
and sin 6 .r cos 2 x =~ i — cos 8x4-4 cos 6x — 4 cos 4x — 4 cos 2x4-5 >, 

V. ' 

whence 

|sin°.rcos*.r dx = If - + 4 s !”gf- 4 s -™*? -4^ +5 A. 
J 2 7 1 8 6 4 2 J 


68. Note. It. is convenient for such examples to remember 
that the several sets of Binomial Coefficients may be quickly 
reproduced in the following scheme ;— 

1 

1 1 


1 

o 

«■* 

1 






1 

3 

3 

1 





1 

4 

6 

4 

1 




1 

5 

10 

10 

5 

1 



1 

6 

15 

20 

15 

6 

1 


1 

7 

21 

35 

35 

21 

7 

1 

1 

8 

28 

56 

70 

56 

28 

8 




etc., 





each number being formed at once as the sum of the one im¬ 
mediately above it and the preceding one. Thus in forming 
the 7th row we have 

04-1 = 1, l-f5 = 6, 64-10 = 15, 104-10 = 20, etc.; 
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and in multiplying out such a product as 



occurring above we only need the coefficients of (1 — t) 6 ( 1 + f)* 
and all the work appearing will be 

coefficients of (1 — t) 6 are 1 — 6 +15 — 20+ 15 - 0 + 1, 

coefficients of (1 — r®(l + f) are 1—5+ 9— 5— 5 + 9 —5 + 1, 

coefficients of (1 — *) 6 (1 + 1) 2 are 1—4+ 4+ 4 — 10 + 4+4 — 4 + 1, 

each row of figures being formed according to the same law as 
before. The student will discover the reason of this by per¬ 
forming the actual multiplication of a + bt + ct 2 + dt 3 + ... by 1+*, 
in which the several coefficients are a , a + 6, b + c, c + d, etc. 

Similarly if the coefficients in (1 + ?) 4 (1 — t) 2 were required, the 
work appearing would be 

1 +4 + 6 + 4 + 1, 

1 +3 + 2 — 2 — 3 — 1, 

1 +2-1 -4- 1+2+1, 


and the last row are the coefficients required. 

The coefficients here are formed thus :— 

1-0=1, 4-1=3, 6-4 = 2, 4-6 = -2, etc. 


1. Integrate 


EXAMPLES. 


sin 2 .r, sin 3 .r, sin 4 .r, sin 5 j*, sin 6 .r, sin 7 x, sin 2 "x, sin 2n+1 .r, 
doing those with odd indices in two ways. 

2. Integrate 

sin 2 xcos 3 .r, sin 3 .r cos 3 x, sin 3 .r cos 2 x, sin 4 xcos 4 x, sin 4 .r cos 6 .r. 

„ T . , sin 2 x cos 2 x 1 1 

3. Integrate -j-, .—t—> —,--r* 

cos\r sin*.r sin-\r cos-x sin\rcos\r 

-v -w 9 

rX ri m rX 

4. Evaluate / sin 2 .r dx, / cos*\r dx, / cos 6 x dx. 

*o *o 'o 

5. Integrate sin2xcos 2 x, sin 3x cos 3 x, sinw-rcos-r 

6. Show that 

I sin x sin 2x sin 3x dx = - J cos 2x - ^ cos 4x + cos 6x. 

♦ 

7. Show that 

.../“. y cos(m + n\r cos(m —w\r 

(..) j Bm mxcosnxdx = - 
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(ii.) fai 


sin mx sin nx cLc = 

2(m — n) 2(m-fn) 


(’it) / 


cosmxcoe n-r 


dx = s ^ n ( yn ~ w )- r , sin(m + n)x 
2 (m —n) 2(m-ffi) 


Deduce from (ii.) and (iiL) f Bin^mxdx and jcos 2 mxcLr } and 
verify the results bv independent integration. 


Integral Powers of a Secant or Cosecant. 

69. Even positive integral powers of a secant or 
cosecant come under the head discussed in Art. 65. 


Thus Jsec 2 # dx = tan x, 


sec 4 # dx = J( 1 + ta.n 2 x)d tan 


= tan x 4- 


tan 3 # 


J sec 6 # dx = J( 14 - 2 tan 2 # 4- tan 4 #) d tan # 


and generally 


. , _tan 3 # , tan 6 # 

= tan # 4- 2—o-1 -p—> etc., 

o o 


j*sec 2n+2 # dx = j*(l 4 - t 2 ) n dt where £ = tan# 


Similarly 


/3 /5 /2n+l 


Jcosec 2 # d# = — cot#, 

Jcosec 4 # dx — — J( 14 * cot 2 #)d cot x 


cot 3 # 

= — cot x -g- , etc. 
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and generally 

Jcosec 2n+2 x dx 
where c 


✓•3 r% 5 

= cot X. 


c 2n+l 

2n + l 


70. Odd positive integral powers of a secant or 
cosecant can be integrated thus:— 

By differentiation we have at once 

d 


(7i + l)sec n+ -x — nsec 71 # = ^ 

and 


(tan x sec n x) 


(n +1 )cosec n+2 x — n cosec n x = — ^(cot x cosec n x) 


whence 


(n +1 ) 

and 


fsec M+2 


J 


xdx = tanxsec n x +n 


jsec n x 


dx 


(n -f 1 ) jcosec n+2 x dx = - cot x cosec n x -+- njcosec^x dx 
Thus as jsecxdx = log tan’ 


A. 


and 


Jcosecxdx = log tan^, 


we may infer at once the integrals of 

sec 3 x, sec 5 x, sec 7 x, cosec 3 x, cosec 5 x, etc., 

by successively putting n — 1, 3, 5, etc., in the above 
formulae. 

Thus f sec 3 *dx=% taiu sec.r + 4 iog + 

j sec 5 * d*=\ tan x sec 3 * + $f sec 3 * 

= £ tan or sec-lr + § tan * sec x+j log tan ^ — 4- - )’ 


etc. 
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71. Such formulae as A are called “ reduction ” 
formulae, and the student will meet with many others 
m Chapter VII. We postpone till that chapter the 
consideration of the integration of such an expression 
as sin*\rcos?x except for such cases as have been 
already considered 

. ^2. Since a positive power of a secant or cosecant 
is a negative power of a cosine or sine, and a positive 
power of a cosine or sine is a negative power of a 
secant or cosecant it will appear that we are now able 
to nitegrate any integral positive or negative power 
of a sine , cosine , secant , or cosecant. 


Integral Power of Tangent or Cotangent. 

73. Any integral power of a tangent or cotangent 
*nay be readily integrated. 


For 


j*tan n x dx = j*tan n “ 2 x(sec 2 x — 1 )dx 

= j*tan M ~ 2 xd tan x —j*tan" " 2 x dx 


_ tan u “ l x f 
~ n-l J 

And since J*tan x dx = log sec x, 


tan’* _ 2 x dx. 


and 


Jtan 2 # dx = J(sec 2 a; — 1 )dx = tan x — x 


' v e ma y integrate tan 3 x, tan 4 #, tan 6 #, etc 

have jta.n 2 xcLc= J tan x(sec 5 .r — l)e£r 

tan 2 # * 

«= — s -log sec x, 


Thus 


we 
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f ta n*xdx=j tan 2 :r(sec 2 :r - \)dr 

tanjx _ fcan x x ^ 

3 

Bv continuing this process we shall evidently obtain 


[tan** dx 

J 2n — 1 


tan 2 " - ^ tan~ w ~ 5 J 
271-3 2 7i — 5 


+ (- l) n_1 tan x + ( — l) n .r, 


and j tan 2 ” +x x dx = 


tan 2n x tan 2 " -2 * , tan 


2n-4 


271 


271 — 2 


2ti-4 ••• 


+ (- i)"~i j an '- g -t-(-l) n logsec x. 

2 


Similarly 


jcot n .x dx = j*cot n - 2 x(cosec 2 x — 1 )dx 

= __COt w ^_f coi n-2 xdXt 

71—1 J 

whilst Jcot x dx = log sin x , 

and jcot 2 x dx = J (cosec 2 x — 1 )dx = —cotx — x] 

and therefore we may thus integrate 

cot 3 x, cot 4 x, cot 5 *, etc. 

Hence any integral power of a tangent or cotangent 
admits of immediate integration. 

J dx . 
a + b coax' etC - 


, etc. 


We may write a + 6 cos x as 


■( 


cos** 4- sin 


in 2 |) + b (cos^ — sin^, 



SCNDRT STANDARD METHODS. 


79 


i.e 


oj # r 

(a 4- ?>) cos“ 0 4- (a — &)sin-^. 


or 


(a-t)cos^[|±| + tan^]. 


Thus 


or 


fc 


dx 

4- 6 cos x 


a — bja 


1 7 

2 SeC_ 2 ^ 


-r + tan 2 ^ 

a — b 2 


S ± S +*“1 


( 1 ) 


Case 1. If a > b this becomes 

2 1 tan I 

-r , --- tan -1 — .-^ = 

a — b la+b a + l 


v:-± 


or 


Ja 2 - 6 2 


tan 


la + b' 
v a — b 


tan 


•Since 


2 tan " = cos ~ 1 


l-s 2 
14 -s 2 ’ 


we may write this as 

_ a — b. jc 

i }-^TB tan 2 

cos ' 1+ “-^ an ^ 
1+ a + 6 la “2 
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1 .6 -+- a cos x 

- - cos -1 ——T- 

2 _ a + b cos x 


Case II. If a <b, writing the integral in the form 


d tan ^ 


2 f -S 

— aJ5-fa « 


( 2 ) 


U “T” Wz , 9^ 

6 ^x - tan 2 


in place of the form (1) we have in this case by Art. 54 


lb + a 
y b — a 


-f tan ? 


f dx = 2 1 i 1 2 

Ja+ 6 cos# b — a ^ lb + ci & lb + a _^ an - 

> 5 —a v 6 — a. 2 


. - - log 


x^ 6 -f- (i -}- *J b — 
x^ b + a — x^ & — 


_ 

a tan ~ 


a tan ^ 


By Art. 33 this may be written 


Jb 


^ tanh "V^ 4 ta 4 


or, since 


2 tanh ~ x z — cosh 


l -^ 2 


we mav still further exhibit the result as 

1 l + ^-tan 2 |' 

-j+= cosh - 1 - L -- 

^ 2 -“ 2 1 — 1 — a tan- ^ 


or 


1 . . b 4- a cos x 

Jb* — a 1 a+b cos x 
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^ e therefore have 


1; 


dx 

+6 cosx 


- i. -1 i (l — b, x 

.4«^ tan Vs+^"2’ 


_ j6 4*a cos r 


a> b. 


i.e. - ■ ■ ■ ■--. ,^ cos~ x - 7 -; 

N / tl s _ £2 a-f 6 cos a; 

^5 tanh ‘ 1 >^H ta 4 


'• e V6^ l0i 


—atan'^ 

V 


6+a-v/6-atan? 


a< 6. 


1 . ,6-fa cos# 

or - . -. cosh ~ 1 —-—;-. 

>Jb~ — a 2 a + 6 cos # 


These forms are all equivalent, but one of the real 
forms is to be chosen when the formula is used. 


75 . The integral of —,-— may 1 

G a -f 6 cos x -f c sin x 

mediately deduced, for 

b cos# + c sin x = s/b 2 -f c 2 cos^c — tan " 1 < ?J , 


may be im- 


and therefore the proper form of the integral can at 
once be written down in each of the cases a greater or 
less than +Jb 2 -f c 2 . 

Ex. f ——_—— ---= f _——-c (where tana = *) 

J 13 + 3 cos.r + 4 sin x J 13 + 5 cos(x — a) 

1 _o-i6 + 13cos(x-a) 


_ dx _ 

13 + 3 cos x + 4 sin 


w 


- (where tana= *) 


cos 


Vl3 2 —5 2 13 + 5cos(x — a) 

= JL cos“ 15 + 13cos (- r - a ) 

12 13 + 5cos(.r —a)’ 
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76 . The integral |- 

J ci 


dx 


4 - 6 sin x 


may be easily deduced 


by putting 


77 - 


then 


f da; _ f_dy 

J a + 6 sin x )a + bc 


cos y 


and therefore its value may be written down in both 
the cases a < b. 

Of course it may be investigated also independently 
by first writing a 4 - b sin x as 

a(cos 2 | + siu 2 *) + 2& sin ^ cos 3, 


or 


cos-|( a 4 - 2 b tan 1 4 -a tan 2 |) 


The integral then becomes 


2 

a 


i 


d tan ^ 


tan 2+J 


and two cases arise as before. 


77 . The integral J- 




4- 6 cosh x 


may be similarly 


treated. 
dx 




=1 


lx 


a + b cosh x J a ^ cosh 2* _ sinh 2 |) 4- &(cosh 2 | 4 - sinh 2 !) 


_2_f 

b — o. J b 4- a 


d( tanh % 



^±-“ + tanh^ 
b — a A 
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i f 6 > a, this = tan ■‘ 1 ^ tanh f, 

which further reduces to 

1 ,b -f- a cosh x 

- — COS * 1 _-_ _ _• 

+/b- — a 2 «-ffccoshx’ 
and if b < a the integral is 

9 


J a 2 - b 2 

which further reduces to 


tanh 


-‘V 7 

V a 


— b x 

+ b tanh 2’ 


1 + a cosh x 

^/a 2 —}) 2 C ° S a A- b cosh x 


78. Similarly the integrals of 
1 


t—,— and of 


a-f6sinh# a + 6 cosh x 4- c sinh x 

may be easily obtained. 



1. Integrate 

2. Integrate 


/ 

(i '> la 

(ii.) / 


J tan 


dx. 


sin x cos x 


sec xdx 
+ b tan x 

dx 


(a sin jr + fccos 



3. Integrate 



d6 

a + b tan 0 


j aain. 6 + b cos $ 


c sin 0+ecos 


f'J/J 
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4. Prove that, with certain limitations on the values of the 
constants involved _ 

— — = 2 arc cos \l a 
. %~ ~ P) CL- 13 

0 

/ Q _ 

J(x — aX/3 — x)dx. 

U 




5. Integrate 


(i.) 


dr 


(ii ) f 


J a- — b 2 cos z x 
dx 


a>b, (i'.) j" 3 ^ _ g j n _ CQ3 J 


J 5 + 4 cos x 
dx 


<’> /, 


<v^2 c&r 


(iii.) I -- 

I cos a 


J cos a 4- cos x 


2^2 4 - cos x 4- sin x 
/ •\ f dQ 

W j a 2 sin 2 (94-6 W@’ 


and 


, • • \ / cos a cos x 4-1 » 

(vn.) /- 

J cos a 4- cos .r 

/ 0 c£r 
J 3 


cos 0 cos x 2 


= - cosec 0. 


r dx 

6. Integrate (i.) / - .- , 7 =^=? 

•J V x — a 4- v x — 0 


<“ > i ^ 


dx 


(iii) 

/ dQ 

15 16 ~c 

A /* <2* 

8 . Integrate | - ;—t— x-- 

0 J sin# 4 -sin 2x 


•Jafx — b) + \ r b(x — a ) 

<£r _ 

& 4 -Va'# 4 -&' 


If 


C cnt cos 0 4 -sin 6 n 

9. Integrate J cos 29 log 

f cosh x 4 - sinli x sin 

10. Integrate J- r - dx - 
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11. Integrate 

1 4- sin x dx. 

12. Integrate 

[ s ' mx dx. 

' vl + sin x 

13. Integrate 

I S6CX dx. 

J 1 4- cosec x 

14. Integrate 

1 tan x dx 

J Vu + b tan 2 or 

15. Evaluate 

rdx. 

J 1 + Sin X 
*0 

16. Integrate 

f see x cosec 

J log tan x 

17. Integrate 

[sin8-cosd dd 

J Vain 20 

18. Integrate 

f cot 0-3cot 30 ./. 

J 3 tan 30-tan <9 

19. Integrate 

f dx 

J x>Ja n -\-xf l 

20. Integrate 

f x 2 dx 

J (xsin^-f cosx) 3 ' 

21. Integrate 

C sin2.rrf,r 

J (a + b cos xj* 

22. Integrate 

f . _ 1 - cos 0 ... 

J V COS 0(1 4* COS 0X2 + COS 0) 

23. Integrate 

/Jl+ 8 inx 2 + ainx rfj . 

J *1—8111 X 2 — 8111 X 

24. Integrate 

C sin 0 — cos 0 gQ 

j (sin 04 -cos 0)\^sin 0cos 04-&in*0 cos-0 

25. Integrate 

f sin 3 0</0 

J (l + cos 3 0)n/ 1 4-coe*04-cos 4 0 

K.I.O. 

D 
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26. Integrate 




2j* 


+ .T 2 


fir. 


27. Integrate f 

J 1 X 


, . I sin x i 

28. Integrate j -- ax 


sin 2x 


5 


f sin x 
J sin 5x 


x cLx = sin log-' 

5 


f fand prove that 

’ J sin 3x ’ J sin 4x 

K'-T)L. in - K* - *)! 

Isin^x + 



sin - log 
5 


8 in(x + ? 
LTbin. Coll., 1892.1 



CHAPTER VII. 


REDUCTION FORMULAE. 


Reduction Formulae. 


79. Many functions occur whose integrals are not 
immediately reducible to one or other of the standard 
forms, and whose integrals are not directly obtainable. 
In some cases, however, such integrals may be linearly 
connected by some algebraic formula with the integral 
of another expression, which itself may be either im¬ 
mediately integrable or at any rate easier to integrate 
than the original function. 

For instance it will be shown that 
be expressed in terms of f(a 2 + x 2 )*dx, and this latter 


J(a 2 + x 2 )*cfo can 


itself in terms of j*(a 2 -f x 2 )^dx, which being a standard 


form the integral of J (a 2 -fa: 2 )^c£c may be inferred. 

Such connecting algebraical relations are called 
Reduction Formulae. 


80. The student will realise that several reduction 
methods have already been used. For instance the 
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method of Integration by parts of Chapter IV , and 
the formulae A of Art. 70. It is proposed to consider 
such formulae more fully in the present chapter, and 
to give a ready method for the reproduction of some 

of the more important. 


81. On the integration of x m ~ l X p where X stands 
for anything of the form a + bx n . 

In several cases the integration can be performed 

directly. . . . ... 

I. If p be a positive integer, the binomial in 

x m -\a + bx n Y 

expands into a finite series, and each term is integrable. 
Next suppose p fractional = r and s being integers 


and s positive. 

II. Consider the case when ^ is a positive integer. 

91 / 

Let X = a 4* bx n = 

bnx n ' l dx = sz a ~ l dz 


and 


J m—n 



and when - is a positive integer, this expression is 

directly integrable by expanding the binomial and 
integrating each term. 

Ill When — is a negative integer, the expression 

n 

0 r +'- 1 
- m +\ 

(z 3 — a) n 
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may be put into partial fractions, and the integration 
may then be proceeded with (Art. 58). 

IV. If —f-- is an integer positive or negative, we 

71 8 

may proceed thus:— 

f r f m+— -1 — 

\x m - 1 (a + bx n ) 9 dx = I 9 (b + ax~ n ) 9 dx , 


m-{- 


?’ 7 & 


— n 


and by cases IL and III. this is integrable when 

is either a positive or a negative integer by the 
substitution b + ax ~ n = z 9 . That is, the expression is 

771/ V 

integrable when —h- is integral, positive, or negative. 

71 8 

Three, cases therefore admit of integration im¬ 
mediately or by simple substitution. 

(1) p a positive integer. 

(2) ^ an integer. 

(3) —h p an integer. 

7b 


Ex. 1. Integrate J.r^a 3 + .r^ctr. 

Here m = 6, n = 3, and -=an integer. 

n 

Let a 3 + J J =« 3 , 

ao that Zx*dx - 2z dz. 

Then the integral becomes 


eta 
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Ex. 2. Integrate / x\a* -f a?)*dx. 

Here ra = £, ?i = 3, » = i, and — +p is an integer. 

“ 71 

The integral is f x\ 1 4- a z x~^dx. 

Let 1 + a 3 x~ 3 = z z , 

a? 

then - 3 ~dx = 2 z dz , 

.r 4 

and the integral becomes 

_ 3 | 3 j^z=-g° 3 / ( -^T ? &, 

which might be put into partial fractions. If, however, z be put 
= sec9, the process of putting the expression into partial frac¬ 
tions will be avoided and the final integration may be quickly 
effected (Art. 70). 


82. Reduction formulae for J x m ~\a + bx n ) J> (lx . 
Let a + bx n = X\ then ^x rn ~ l X p dx can be connected 


with any of the following six integrals: 


j x m ~ l X* ~ 1 dx y " l XP + 1 dx y 

| x m - u - l XPdx , J x m+n - 1 X* , dx, 

J, x m - n ~ 1 X* ,+ 1 dx , ^x m ^ n ~ l XP- l dx y 


according to the following rule :— 

Let P = a^ +1 X^ +1 where X and p are the smaller 
indices of x and X respectively in the two expressions 

whose integrals are to be connected. Find Re¬ 

arrange this as a linear function of the expressions 
whose integrals are to be connected. Integrate, and 
the connection is complete. 
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Ex. 1. Connect j M*- l X p dx with j x m ~ l X p ~ 1 dx. 

Let P=x~ X p . 

Then — = l X*>+ jTvX 

dx r dx 

= mx m ~ l X p -\-pbnx" 1 + n ~ l X p ~ l 
= mx m ~ 1 X p +pnx m ~ 1 (X — a)X p ~ x 

[Note the rearrangement u as a linear function , etc., etc.”] 

= (m-\-pn)sf*- l X p — apnx m ~ l X p ~ l . 

Hence P=(m+pn) Jj?*~ x X p dx — apn j x m ~ x X p ~ 1 dx t 

or fx~-'X p dx=~ X -- +-2EIL faT- l X p ~ x dx. 

J m+pn m+pnj 

The advantage of this reduction is that the index of 
the usually troublesome factor Xp is lowered ; and by 
successive applications of the same formula we may 
ultimately reduce the integral to one which has been 
previously worked, or which can be easily obtained. 


Ex. 2. Thus, for instance, to find J (x 2 + a-)^dx we may con¬ 
nect this integral with J(x*+ arfdx, and this again with 

J (x 2 + a 2 )^ctr, and this last is a standard form. 

As the reduction is used twice , we will connect 

j (x 2 -f arfdx with J (x- + a 2 )^ 1 dx. 

Let P=x(x 2 + a 2 ) 5 , 

(x 2 + a 2 )* + 7ix*(x* + a 2 ) 9 ' 1 

= (x 2 + a 2 ) 1 ® -+- w(x 2 + a* — a^x* + a 2 )^ ~ 1 
[Note the preparatory step which might be performed mentally ) 

“(n + l)(x* + a*) ? — na 2 (x s + a , )^~ l 
[which is now “ rearranged as a linear function, etc., etc. ,r ]. 
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Integrating, P=(n + l) J (x* + a^dx-na- j (x- 4- a 2 ) 2 dx 

and f (x 2 + a 2 ) Vx =[(**+ a^dx. 

J n +1 n + U 

Putting 71 = 5 and n = 3, 

+ , 5 „ 2 


I (x 2 + a 2 ) 7 c£r = 


6 


+|a*|(**+««)**;, 


[(*» + a*)*<£r=*<** + «*>* + 3 a 2 J(^ + a»)*dr, 


2' ^ _ 


and | (.r 2 + a 2 ) 2 cir 
% 

Then 

J (x 2 + a 2 ) 5 c£r 


^ + + g! ainh - 1 g 

2 2 


a 


x (x 2 + a 2 )? 

/t I 


5 


6.4 


a 2 x(x 2 + a 2 )* 


+ 5 3 . a*x(x 2 + a 2 )* + ;r^A ^sinh- 1 
6.4.2 6.4.2 


Ex. 3. Calculate the value of / *aT'Jv.ax-xrdx, in being a 

-o 

positive integer. We shall endeavour to connect 

^ r m J lax - x*dx with j x rn ~W2ax-x 2 dx t 

i.e. fx m + i (2a-x) i dx with fx’"~ i (2a-x) i dr. 


_ „ m + 5 . 


Let P=x n ^' t (2a — x) 7 according to the rule, then 


dP 

dx 


: = (in + i)* m -*(2a - x) 7 - jjr" + *(2« - x)* 

= (2m + 1 )ax n " 7 (2a - x)- — (m + 2)r" + *(2a -x)* 


Hence 


(m + 2) j x m+ ^(2 a — x^dx 

W 

= -x m+ *(2 a-x) f + (2m + l)a [x"* - *(2a-x)*c*x 


OJh 
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or 


4 

I 


x"V2 ux-u-dx 




, (2ar-x 3 ) 


771+ 2 


- f j 


2 771 4- 1 
0 771 + 2 


*a / ax-a*dx, 


rZn ._ 

».e. if I, n = / x m \'2ax - Fdx, and m be a positive integer, 




2m +1 


771 + 


1 r __2m + 1 2 tti — 1 j 

a/ m _i-—- .- -Q 'lrn -2 

2 771 +2 771+1 


2771 + 1 2771 - 1 2771 — 3 , r 

=-_ -—-a 3 / m _ 3 = etc. 

771 + 2 771 + 1 


in 


N 


2771+ 1 2 777 — 1 2 771 —3 

771 + 2 ’ 771 + 1 771 

•2a 


5 3 
4 ‘ 3 


. aTl 


o* 


ow 


Then 

and 

Also 

Henc< 


Hence 


to find / 0 or j \/2 ax — a^dx, put 

o 

.r=»a(l — cos 6). 
dx=a sin Odd 
•J 2 ax — x 2 = a sin 6. 
when #=0, we have 0=0, 
when x = 2 a, we have 0~ir. 

/ 0 = J"a 2 8\n 2 0d0=~ (l — cos2$)d0 

J _(2t71+ 1X2771— 1)...3 m+2 7T_ (27/1+1)! 7T 
m (771 + 2X^1+1)...3 a 2 “m 1(771+ 2)! ' 2 W " 


EXAMPLES. 

Apply the rule stated in Art. 82 to obtain the following 
reduction formulae (when X=a+bx n ) :— 

1 . [ar-'X’d* = - x ” Xr --+ m+ P n + , '.( x ~-'X'+'dx. 

J an(p+l ) a7i(p+l)./ 

T. f: n - r ’’ t ‘ _ fx- ‘A'-dx. 


i.X.O. 


6(m + ti/>) 6(m + np) 

x> 2 
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3. f j”-'X*dx = jfn - XP+X - - Hn + np + n) I + „_i x*dx. 

J am am J 

aT-'XP* 1 m- 


/ 


4 . hr-'X'd*7 = 


t-DJ 


^-"-'X’+'dx. 


bn(p + l) bn(p + 1). 

5. fx m ~'X p dx = rm -— - —P [x m+n - 1 X p ~ l dx. 

J m m J 

e. fj ~(-jl r^iog *)-><&. 

J m- j-1 m +1 j 

Integrate out -r m log.r, ^(logx) 2 , ^(logx) 3 . 

7. Obtain the integrals of j — x?)dx for the cases 

m = l, to = 2, to = 3, and their numerical values when the limits 
of integration are 0 and 2 a. 

83. Reduction formulae for Jsin^a?cos *xdx. 

A similar rule may be given for a reduction formula 

for j*sin*7r cos 9 # dx. 

This expression may be connected with any of the 
following six integrals :— 

j*sin p ~ 2 x cos 9 # dx, Jsin^ +2 x cos 9 # dx, 

JsinP# cos 9 " 2 x dx, JsinFa; cos 9+2 # dx, 

JsinP “ 2 # cos 9+2 # dx, jsin* +2 « cos '?" 2 x dx, 
by the following rule. 

Put P = sin X+1 #cos M+1 # where X and /x are the 
smaller indices of sin# and cos# respectively in the 
two expressions whose integrals are to be connected. 

Find - 7 —, and rearrange as a linear function of the, 
dx 

expressions whose integrals are to be connected. 
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Integrate and the connection is effected. 

Ex. Connect the integrals 

j sin p jrcos q xdx, 

J sin p-2 r cos«r dx. 

Let / > =sin p-1 .r cos^+br, 

= ~ l)sin p-a .r cos^x — (q + l)sin p xcos«.r 

=(p - l)sin p_a x cos«x(l - sin 2 x) - (q 4- l)sin p x cos*x 
= ( p — 1 )sin p ~ 3 x cos«x — (p -f ^)sin p x con^x 

[Note the last two lines of rearrangement as a linear function of 

sin p xcos«x and sin p_a xcos«x], 

(p~l) [ 8in p " 3 x cosflxdx~(p+q)j sin p xcos«x dr. 

Hence j sin p x cos q xdx=- * luP ~ lx coa * +1 * + Psil fain'-** cos q rdr. 

It will be remembered, however, that in the case 
where either p or q is an odd integer the complete 
integration can be effected immediately [Arts. 64, 67], 
The present method is useful in the case where p and 
q are both even integers. 


EXAMPLES. 

Connect the integral J sin p x cosPx dx with 

1 . jsin p +*xcosflxdx. 

2. j sin p x cos q ~*x dx. 

J 

3. J stn p xcos a+a xa£r. 

4. J Bin p ~ s xco8« +3 rt£r. 

B. I ain p+a xco8 q ~“xdx. 
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_ „ .. , f . n J cos .r sin" x x n— 1 f ■ n -» H 

6 . Prove that sin n xax= --H-/ sin xax. 

J n n J 


Employ this formula to integrate sin 4 .r, sin 6 #, sin 8 # 

7. Establish a formula of reduction for / cos n xdx. 

sin^T 1 

8 . Integrate sin 4 # cos 2 #, -—, —--o-* 

b cos-x sin 4 # cos\r 


84. To calculate the integrals 

ir jr 

S n = f sin n #<Z.r and <7 rt =j cos’ 1 

o i 


x dx. 


Connect 


fsin n # 


dx 


w 


ith 


fsin n “ 2 # dx. 


Let P = sin n -’xcosx according to the rule ; then 

dP 


dx 


= (?i — 1 )sin n " ~x cos 2 # — sin n .r 
= (71 — 1 )sin n ~ -x — n sin n #, 


2 xdx. 


f . .. , sin n_1 #cos# , w-lLn- 

Jsm # dx ----+ J Sm 

Hence since sin” ~ l x cos# vanishes when n is an 
integer not less than 2, when # = 0, and also when 


# = we have 


?i — 1 n 77 — 1 77 3^ 

— S„_ 2 = — ■ -s n _ 4> 


n - 2 


71 


— 1 71 — 3 71 — 5 


n 77 — 2 7i — 4 
if 7 i be even this ultimately comes to 


• S n — Q == etc., 


71-1 71-3 5 § lr!T 

' S “ = — ^2"'6 4 2j 


71 


77 
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that is 



71 — 3 
n-2 


3 1 7T 

4 2 2 ’ 


If 7i be odd we similarly get 

7i — l ti — 3 4 2 f - . 


and since 


e 71 — 1 71 — 0 4 2fs . 7 

^ n ~~n rT^2 5' 3J sm;E(ir - 

0 

| sin# (fcc = £ —cosa;J^ = l 


o 


we have £ n = 


71—1 

n 


ti — 3 4 2 

n^2 **• 5 ‘ 3* 


In a similar way it may be seen that J "cos”# dx has 

o 

precisely the same value as the above integral in each 
case, 7i odd, n even. This may be shown too from 
other considerations. 

These formulae are useful to write down quickly 
any integral of the above form. 


Thus 


/ 


sin "Ode 


9 ^ 7 5 3 1 
10 8 6 4 2 



[* sin°&d0 
'o 


8 6 4 2 

9 7 5 3' 


[The student should notice that these are written down most 
easily by beginning with the denominator. We then have the 
ordinary sequence of natural numbers written backwards 
Thus the first of these examples is 

(10 under 9) x (8 under 7) x (6 under 5), etc., 

stopping at (2 under 1), a’ .d writing a factor -. But when the 

first denominator is odd, in forming such a sequence it ter¬ 
minates with (3 under 2) and no factor J is written.] 
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f 


I 


Let this integral be denoted by f(p, q ); then since 

smPQcos^OdO = - S —— ^ QS -—- +^—T— f sinP ' 2 ^cos VddO, 

P+q p+q) 

we have, if p and q be positive integers, and p be not 
less than 2 

f(p- ?)• 


Cask I. If p be even = 2m, and q also even =2 n, 

2m- 1 


and 


/(2m, 2 tj) = - 


/(2m - 2, 2n) 


2m -+-2 ti 

= - (2m- 1X2m-3) _ „ 2m _ ^ ^ n ) = etc. 

(2m + 2nX2m + 2n — 2 y 

(2m — l)(2m — 3) ... 1 


(2m + 2nX2m + 2n - 2)... (2 n + 2) 


r,/(0, 2n), 


f{ 0, 2n) = I cos - n 0dd = 


2n—1 2n —3 1 7r 

2n 2ti-2 2 2' 


Thus /(2m, 2n) = 


[1.3.5... (2m- 1)][1.3.5 ... (2n-l)] y 
2.4.6...(2m + 2n) 2‘ 


Case II. If p be even = 2m, and q odd — 2n 1, 
f(2m, 2n -1) = - 2 , 2 » - 1) = etc. 

(2m- 1 X2m — 3) ... 1 _ /;o, 2n - 1 ), 

(2m+2n - l)(2m + 2n-3)...(2«+l) 

/(0, 2re - 1) = I cos=-W0 = 2 — T 

% 0 

[1.3.5... (2m — 1 )] [2.4.6 ... (2ra — 2 )] 
t.g. f(2m,2n 1) 1.3.5 ... (2m + 2n - 1) 
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Cask III. If p fa odd = 2m — 1 and q even = 
we obtain similarly 

2m - VO 4 • 6 ... ( 2 ^ ~ 2)][1 .3.5... (2n - 1)] 

1 .3.5 ... (2m + 2n — 1) 

This may also be deduced at once from Case II. by putting 


2 n 


0 = 1 - 4 ” 


for 


so that 


J sin'0co&0cZ$= I cos'<£ ein«<£( - l)d<t> 

0 V 

7 

r 

= J sin«<£ cos 

o 

/(/>> g)=f(q, p )• 


Case IV. If p 6c odd = 2m — 1, and q odd = 2n — 1, 

/(2m - 1 ' 2n - 1 >- sfTto - 2 /(2m - 3 - 2 " - D 

(2m - 2X2ra - 4) ^ r ^ 

= ( 2 m + 2n-2X2 m + -2C^) /(2m ~ 2 » ' > > = etc. 

(2m-2X2m-4)...2 


and 


__ V*"" ^ _y/| 0 1 V 

(2m + 27i-2)(2m + 2n-4)...(2n-f-2) v ’ “ " 

/(1, 2n -1) = / ’sin 0 cos*- 1 )? = T - = 1, 

J L 2n J* 2n 


• \ /(2m - 1 9« _ 1 )-l 2 • 4 • 6 ... (2^ - 2)][2.4.6... (2» - 2)1 

2.4.6... (2m + 2« — 2) 


86. Expression in & single rule. 

These four formulae may be expressed under one 
rule as follows:— 

Cet r(n-hl) be a function defined by the relations 

r(n+i)=ni>), r(i)=i, r(j>=^. 
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These relations will be found to sufficiently define 
r(?i -f 1) where n + l is either an integer or of the form 

2 k + 1 


k being a positive integer. 

For instance, 

T(6) =5I\5)= 5.4r(4) = 5.4.3r(3) = 5.4.3.2r(2) 

= 5 .4.3.2 . ir(l) = 5! 

g. jr(})=|. 5. |iXf)«S . i. f • in*) 

This function is called a Gamma function, but we 
do not propose to enter into its properties further 
here. 

The products 1.3.5 ... 2n — 1 

2.4. G ... 2n 

7T 

which occur in the foregoing cases of j*“sin* > dcos 9 d dO 


- 5 -! r (i> 


may be expressed at once in terms of this function. 

T , -r,/2n+l\ 2n— 1 2n —3 2 n — 

lor r \" 2 / = 2-2-r 

sothat 1.3.5...(2n-l) = Jlr(?^); 

/On _ 1 _ o \ o ^ 

and r 


/2n + 2\ 2w 2;i — 2 2/i —4 2 

\ 2 ) 2 *" 2 2 ”■ 2 ’ 


so that 2.4.6 ... 2/i 

Hence in Case I. 


- 2-r(^ 2 ). 


P = 
9 


= 2m, ) 

= 2n. J 


7T 

2 


*lrte±n£r(i±I) 

f'*sin p 6 cos-6 66 = ^ 1 2 " 

■l 2 ~-r(«±f±?) 

r (£i±)r(2±i) 


2r 
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In Caae II. 

v = 2 m 1 I T r (* f V-)-r-‘ r ( 

Jr -in, I v V ■ * - _ 


27)1 I /* 

} / »in'0ouai'0<40 

2n— 1.1 -L 


*r) 


y'r 2 / 


I 


♦ I 


W*; 1 ) 


' 2{ / 

in 1 h.s*- ill. we evi<U*ntly iiave tht- muuv nwult 


I n <'*>*• I V 
r «* 2«* ~ I I . 1 

I i Wl</ # 4 ^ 

<y-2« - I I J 


i~ Tl f 


* ! )r ‘i-( * * 1 ) 

i > 


V x ’ 


Ml t 




» 


ll will 1 m tii* i« I ' i K*l in e* ♦ r> > 

liave lli« Munt n-null \ ii 


) 


i i 


'fti (tf 


) 


Ml**** J<* 




*«*i iL*- ^ ^ ♦ I HVMrTHiK )M tl*# 


<X <* 


I Kv MIM . *f tit# * t * 


rkm 


i *, *; 1 M 


*• » 





» 


.' 4 <11 

«•» 
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87. The student should, however, observe (as it has 
been pointed out previously), that when either p or q 
or both of them are odd integers, the expression 
sinP#cos 9 0 is directly integrable without a reduction 
formula at all. 


For instance, 

I sin«0cos 2 3 0 dd = /ain'0(l-8in*0)rfain 8 = -^® 

• 

ir 

and J sin 6 0 cos 3 0 d0 = } — £ = 

'0 


Similarly, 

r\ 

j sin 5 # cos 2 # d0 = 

% _ 

0 



— 2 cos 2 # 4- cos *0)d cos $ 


= r-^ + 2 c -^-^T=+j-s+i=T« 5 . 

L 3 5 t Ji 


But when p and q are both even and the indefinite 
integral required, or if the limits of integration be 

other than 0 and we must either use the reduction 

formula of Art. 83 or proceed as in Art. 67. 


EXAMPLES. 


Write down the values of 


^ y y ^ 

1. j*sin*xdx, j sin 4 .r dx, j sin s xdx, j cos 9 xdx. 

• •« n n 


0 


2. j sin 8 x cos 4 ar dx, I sin fl x cos°.r dx, j sin°.r cos 6 .r dx, 

• A *0 




sin 5 x cos 6 .r dx. 


3. If 0 r represent the product 1.3.5 ... to r factors, 

and E r represent the product 2 . 4 .6 ... to r factors, 
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prove the formulae 

w 
* 


(1) / sin 9 "*# cob a "#rf# 

l E m 


0 m 0 n 7 r 

“ • a 


(2) J si 


’sin 9 "*# cos %n -'0d0 


i = / 
Cm+n 1 


sin 2 " “ 1 0 cos 2 ”* 0 dO. 


i 


(3) f sin*" -1 # cos*" -1 6d$= 

4. Write down the indefinite integrals of 

f sin 7 # cos # d$, j sin 7 # cos 3 # tf#, J sin 7 # cos 4 # d6, 

j sin 7 # cos 2 # t/#, ^sin e # cos 4 # cf#. 

Kvaluate 

6. / sin 6 # cos 2 # <f#, / sin 4 #tf#, j sin*<y cos 4 # d&, 


\ 


<1. I co»*2# d0 % 


V 

| sin T #<f#. 

U 

I COa 3 3«/* | ws 


4 3»/> m n*♦></, 


7. Induce the formulae of Art. 84 for j 

l '( £ f i ) r (*T i ) 


x du frulii llte 


result 


«r(e;j + i) 


of Art. 86. 


EXAMPLES. 

1. Prove that 

(«) j <**•**+J+ mm ^ tan 4 — 

<*) I 
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2. Investigate a formula of reduction applicable to 

J x m (l +jr) T <£r 

when in and n are positive integers, and complete the in¬ 
tegration if m = 5, n = 7. [St. John’s Coll., Camb., 1881-3 

3. Investigate a formula of reduction for 


f x 2n * 1 dx 

J( l-* 2 )*’ 


and by means of this integral show that 

1 1 1 1.3 1 ,1.3.5 

+ ^ • - - + - - ‘ - • ^ + 


. —+ ... ad inf. 

Ov, l G J 


<2n + 2 + 2' 2?i + 4 2.4 2/i + 6 2.4.6 2n + 8 

_ 2.4.6... 2m 
“375.7 ... 2n+ 1' 

Sum also the series 

1 I 1 ■ 1 • 3 1 + Lij-i. 0 . —L-_ + ... ad inf. 

2n+l 2 ’ 2 m + 3^2.4 2n + 5 2.4.6 2n + 7 

[Math. Tripos, 1879.] 

4. Prove that 

f (a 2 + ^dx = ^(a- + (- + rf^dx. 

5. prove = 

6. Find reduction formulae for 


(a) x n (a + />.r) , + -V/.r, 

/• 2>-H 

(0) kV+« J ) 2 ^ 


x*"dx 


A 

(?) /, , , 

•' (a 3 + .r , )s 

/* .i m dx 

< s > /(?-T)i ; 


and obtain the value of / ^(. r 3 — 1 ) ^ dx . [Colleges, Camb.] 

7. Find a reduction formula for J e ax cos”xdx, where n is a 
positive integer, and evaluate 

/ e“cos 4 .r c/x. 


[Oxeobd, 1889.] 
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& Find formulae of reduction for 

• • 

I x“siu x «/x and f e"sin*x dr. 

• • 

Deduce from the latter a formula of reduction for 


I cos ax sin".r </x. 


[Colleges y, 1890.] 


w 

4 


9. If u m = I sin^x dr, 

•o 

prov that it, = (l 

and deduce - * (1 + (8^j) + (8»-IX *~*) +.} 

2"* 1 In »i(n — 1) 71(71 — l)(n — 2) / 


+ 


-A) 
2) 

(2n — 1X2» — 3) ... 3 7T 

8* 


2n(2n —2)... 4 

[Math. Tripos, 1878.] 

10. Show that 

(m + nXm + n-2) fsin m 0 cos n d dO=(m - l)sin m+1 0cos n ~ 1 0 

— (n —l)sin" l * , ^cos" +1 0+(m —1X^ —1) j sin m ~ z 0 co9 n ~ z 0 dO. 

[Thin. Coll., Camb., 1889.] 

11. Prove that 

i\r*^l^d _ l»3-5...(2w-l ) 7T 2.4.6,..2m # l 
J ^1-fx 3 X 2.4.6... 2 m 4 3.5.7 ... (2m+1) 2 


12. Find a formula of reduction for 


C* af'dr 

J J7=l 


Show that 


2.4.6...2n Ti . 1_ . 1.3_o . 1.3...(2n-l)^n 

- l . 1 + i J + r4 Jr 2.4 ... 2n *J 


3.5.7 ... (2ti + 1)L 


s i+|V-i)+^- 1 )=+-+ 1 ^jr 1 


(•*- 1 )". 


where aj, a?, ... are the binomial coefficients. [St. John’s, 1886.] 
13. Show that 


1 


2 m / COS 771X COS m XG?X 


sin 2 t71X 


. . sill2x m(m — 1) sin4x, , 

= C+a:+m._ s _ + -^- 1 -!. — + •••+ 2m . 

where m is an integer. [Colleges a, 1885.] 
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14. Show that 


f* . „„„ om-izua (2m-2X2m-4)...4.2 

sin-" , 0cos' m l 6ao = — - —- -- . , - v » 

I (4m— 1X4 t 71 — 3)...(2m+l) 


m being a positive integer. 

15. Prove that if 

/m, n = y*cos m x sin nx cfx, 

(m + n)/ m , „ = - cos m x cos nx + mlm-i, «-i. 


[Oxford, 1889.] 


and 


16. 


L “|? i / 2 2 2 s 2 m \ 

/m, m J 0 = 2^\ + 2 + 3 + ”’ + m / [Bertrand.] 

If I m , n = J cos m x cos tut cfx, 


prove that I T 
ami show that 


cos bix d ( cos m x ^ in(in — 1 )j 
,"““^2^2 dx\^^c) + 


[ /m > "] 0 =! $^ ) [ /m - 2 ’ n ]o’ 


17. If 


W m , „ = J cos m x sin nx cfx, 
0 


, 1 m 

prove that u m „ = —--h n ~ 1 ' 

1 ’ m+n m+n 

Hence find the value (when m is a positive integer) of 

-If 

j cos m jr sin 2mx dx. 

•o 


[ 7 , 1387 .] 


18 


-5 

. Trove that f cos n xcos nxdx = 


7r 


n + r 


[Bertrand.] 


19. If m + n be even, prove that 


i 


cos m 0cos nddO — 


TT 


in'. 


2 m+1 7/1 + 7i, 7/1 — n 


[Colleges, 1882.] 


o 
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20. Evaluate the integral 

w 
* 


I t~**cos m xdx. 

" 1 


[Colleges, 1886.] 


21. If I cos m j* cos rur dr be denoted by /(m, n), show that 
'o 

f(m, n)=-^-/lm-l,n-hl)=-^—f(m-l t n-i). 


rn - n 


m + n' 


[Oxford, 1890.] 

22. Prove that if ii be a positive integer greater than unity, 

I cos n ~'-x sin rur dr = —. 

J n — 1 [Oxford, 1889.] 

0 . . 

/ Sin TXX 

23. Find a reduction formula for the integral / — ; - dr. 

J sin x 

• 0D HI 

24. If u m> n = / 81 - J?dx, where m is not less than n, and w, n 

*• ^ 

are either both odd or both even integers, show that 

(n- IX2)u m> n + m 7 u m> n _ 3 - m{m - 1 )u m - a , a = 0. 

_ C dr 

Un J (a + b cos r) n ’ 

show that 


25. If 


M« = .-^- S ' n — j + Bu n -1 + Cu n -«, 


■where .A = — —1 


(a 4- 6 cos x)' 
B 


b (2n — 3) a ^ n — 2 1 


n -la 2 - 6 2 ’ ~ (n - l)(a 2 - 6 2 )’ ° n- 1 a 2 ^ 5 ’ 


Show that /* --= --- —, 

l (1-Ain*</>)’ 16 

e being less than unity. [St. John’s Coll., 18S5.] 

/H| 

— 8111 . x — dx can be integrated in finite 
a + b cos x 

terms when m is an integer. 

dr , prove that U „ can be calculated 


8 — Be 2 4 - 3e* tt 


27 


• If u.-f. 


sin .r 


(a + b cos x ) 

from a formula of reduction of the form 

A U n + B U n . x + CU n - t = sin m+1 x(a+ b cos x) 
and determine the constants A> B } C. 


1 


[A 18910 
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28. Find a reduction formula for the integral 

f oc m dx 

J (log x) n ’ 

29. Find a reduction formula for 

f xTdx 
J (cue 2 + 2bx + c)'t 


[Oxford, 1889.] 


f/3.1891.J 


30. Prove that if X=ar + ax + a~ 

n _i 

A* dx. 

[St. John’s, 1S89.] 

31. Find reduction formulae for 

(a) ftanh”xdx. 

J (a + b cosx + csinx) n 


r n 
/ 


2 .r + a 


A'- + 


3na 2 


2(n+l) 4[» + l) 


/ 


(y) l-Ar*** 

J sin j ,i 

32. Establish the following formula for double integration by 
parts, u and v being functions of or, and dashes denoting differ¬ 
entiation and suffixes integrations with respect to x 


J juv(dx) 2 = uv^ — 2 u'v 3 3 u"i\ — 4m v s + ... 

+ (_ l)n-i nM (n-i ; Vn+1 + (- l)"n J u<"'v nr idx+(-l) n J dx j u< n 'v n dx. 

[a. 1888.] 


CHAPTER VIII 


MISCELLANEOUS METHODS AND EXAMPLES. 


Integrals of Form 



88. The integration of expressions of the form 

f dx 

J xjy 

can be readily effected in all cases for which 

I. X and Y are both linear functions of x. 

IL X linear, Y quadratic. 

III. X quadratic , Y linear . 

If X and Y be both quadratic the integration can 
be performed, but the process is more troublesome. 


89. Case L X and Y both linear. 


The best substitution is: 
Put JT= y. 




dx 


(ax + b)s/cx+c 


Let 
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Putting 


we have 


an<l 


Jcx + e = y , 


cdx 

2\/cx+ e 


= dy, 


ax + b= -(y 2 -e)-\-b, 
c 


and I becomes 2 


— - j-, which, being one of 

ay 2 — ae + bc 


the standard forms 2 , is immediately integrable. 

Ex. Integrate /= /- — - . 

b J (x+iy/^+2 


Let 


then 


Thus 


\'x + 2=y, 


dr 
x + 2 


= 2 dy. 


-‘Si-'-gIfei- 


90. The same substitution, viz., Y=y will suffice 

for the integration of when <p{x) is any 

rational integral algebraic function of x, and X and 
Y are each linear. 

E*. Integrate 1= f ^ 

Writing Jx + 2=y, we have 

dr . . i _*» c* 


x +2 


= 2 dy and x =y~ — 
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so that 


Thus 


■r 4 = y* -%y* + 2 4y * — 32y 2 -f 1G 
x-l _ y 2 -3 

=y*-6y 4 +9y 2 -5+ ;T L- 

(by common division). 


*'=/[> - V + V - 5+^(-p^)> 

-f-y+V-Hjr+^logJ^g __ 

= *(x + 2) J - (X + 2)* + 3(x + 2)*- 6(* + 2) 4 + JL log ^_t£ ~ 

1 2V3 Vx+2+V3 


91. Case II. X linear, F quadratic. 

The proper substitution is:— 


Put 

Let 



-i 


dx 


(ax + 6) J cx 2 -f- ex -f / 


Putting ax-t-b = -. 

y 

we have, by logarithmic differentiation, 

adx _ dy 
c ix + b~ y 


and 


cx 


+ eX +f = ^y-tf + a(l- b ) +f 


Ay* + 2By + C 

y 1 ' y ' 

Hence the integral has been reduced to the known 


form , = — . __ =r= - . 

J A y* + 2By + Cf 

which has been already discussed. 


a 


dy 
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Ex. Integrate /= f - 


(x + 1 yjx* + 4x+ 2 


Let x+l=y~ l , then ^ X - = — —, and 

•*+1 y 


I 




dy 


VG 


y\ 1-+ 1 • ~ 2 


=-( 


d y 


J dl -\-2y-y 1 


= — f — —«y =COS~ 1 ^-— = COS 1 -f- X .- !•» 

Js r '2-(y-\)- s/2 {(x+iy/2) 


form 


92. It will now appear that any expression of the 

</>(x) 


I 


dx 


{ax 4- ^)s/ cx 2 + ex +/ 

can be integrated, <p(x) being any rational integral 
algebraic function of x. For by common division 

we can express - in the form 

1 ax + b 

Ax n -f Bx n ~ 1 -f ... 

Ax n + Bx n ~ 1 + ... A-L being the quotient and M the 
remainder. We thus have reduced the process to the 
integration of a number of terms of the class 

Ex r , 

=dx. 


M 


f 


dx. 


\/ CX 2 + eX +/ 
and one of the class 

f_ M 

} (ax + b) s/cx 2 + ex +/ 

The latter has been discussed in the last article, and 
integrals of the former class may be obtained by the 
reduction formula 

t, y .\ _ x r ~ l (cx 1 + ex +/)* _ 2r—1 e _ F(r _ 1 ^ r zAfF(r~2), 

rc 2r c K ' r c 
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where F(r) stands for j* 


x r 


= dx. 


s/ cx 2 + ex-\- f 

The proof of this is left as an exercise. 

Ex. Integrate 1= I ■ ,r * ^ dx. 

J (x+l^x^+l 


By division 


x 3 +Zx+5 =x + 2 + 3 


•T4-1 


x+l 


Now 


f - . ‘ V dx = \x 2 -f 1 

J Jx*+l 

/ 


v/^4-1 


dx = 2 sinh _1 .r, 


and to integrate f - ( ^ x — we put .r-f 1 — - and get 

.'(x+iW^+i y 


-J~n 


(x + l)\x* + 
d y - or - > [ 

« W Ju 1 - 


V y 


Jy 2 -y+b* 


i.e. 


Thus 


-if ° 

sf§.J J(u- 


dy 


sflJ Av-iY+i 


i.e. - 4= sinh“ J (2y - 1 > 


I=*Jx i + 1 +2 sinh -1 .r — —si 

J o 


\^2 

_] 1 — x 
s'2 1+^* 


sinh 


Let 


93. Case III. X quadratic, Y linear. 

The proper substitution is :— 

Put s/Y=y. 

'-b * 

Putting* *Jex+f= y , 

—=cty. 

and cue 2 + foe-h c reduces to the form 

Ay*+By*+C, 


(ax 1 + bx + c)s/ rx +/ 
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and 1 becomes -[-i — 9 ~ . ~t v 

c)Ay* + By~ + C 

Now i—s —tv can be thrown into partial fractions 

Ay* + By 2 + C 

as 

Xy + M ,_ Vy 4- // 

ay 2 + /3y + y a 2/ 2 + y + y'’ 

and each fraction is integrable by foregoing rules. 


94. It is also evident that the same substitution 
may be made for the integration of expressions of the 
form 

0(x) 


i 


dx, 


(< ax 2 + bx + cK/ ex + f 
where 0(x) is rational, integral and algebraic; for 

when ex +/is put equal to y , c reduces to 

the form Xft2/ “ W 1~ X 4 1 ^_ -- / V/ which by division, 

^ 4 y 4 + By~ + C 

and the rules for partial fractions, may be expressed 
as 

r*y i ’'- i +l\y in -*+- 

, P , ,_VjhV 

+ 2 "- < + a2/ 2 + % + y + aV + /3> + y' 

and each term is at once integrable. 

Ex. Integrate 1= f - &_+2 

® J 2 i o~ 


.dx. 


Putting \'x-hl=y, we have 


xr + 3»r + 3)v'x 4-1 
dx 


vj4- 1 


= 2 <£y, and 


/_ 2 /'(3/ 2 +iy//_ f(_L _ + _ 1 _ Wy 

Jy*+r +1 'Wi r-y + i/^ 


2 tan-» 2 y +1 i 2 

^3^ s/3 


tan 


_ S -tan'V3^±I 


./a 


s/3 
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EXAMPLES. 

Integrate the following expressions :— 

I_1 _ 1 x-f 1 x 2 +x +1 

xs ' x + 1 (x-l)\(rT2 (x — 1 yj'x+ 2 (x + 2)»/x—1 

2. 1 1 x x 2 -fx-f1 

JfiJjP+l' (x+l)v/x*+r (x+l^+l’ (x+l>7x- + 2.r + 3 

3 1 _1_ x 

(x2 + lKG' (x 3 + 2x + 2)v/J+I’ (x 2 +2x + 2)*^+T 

x* + l 

(x 2 -f 2x 4- 2)Jx + 1 


95. Case IY. X and Y both quadratic. 

We do not propose to discuss in general terms the 
method of integration of expressions of the form 

■where X and Y are both quadratic and px ) rational, 
integral and algebraic, as it is beyond the scope of 
the present volume. We may say, however, that the 

proper substitution for such cases is = an( l the 

student will glean the method to be adopted from the 
following examples.* 


Ex. 1. Integrate 1 = j 


dr 


(x’ + rtV* 3 *** 


Putting 


x 2 -fa 


(a 2 - 6*)x 


1 dy_ x_ x ___ 

y dx~ x*-f 6 2 X s + a* (x* + a 2 Xx* + 6 2 )’ 

• d y (a 2 — b*)x 

(ir= (x 1 +a , )V+^ 

The student tnay refer to Greenhill’s “Chanter on the Integral 
Cauulus” for a general discussion of the method. 
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Thus I becomes 
Also (r- + a-)y 2 =x 2 + b 2 , 

so that 


f(x 2 + a 2 )^dy 

J (a 2 — b 2 )x 


o h 2 - ah, 2 

*=r* 


ami 


V 

y l -1 


Thus I reduces further to — ; — r / -j======df/ 

a--o-J >Jb 2 -a-y- 


i.c. 


/= 


a*Jb 2 — a 2 


cos 


-i«y 


-- j±= cos-‘2(a < 6). 

aJb 2 -a 2 b^zr + a 2 


If a > 6, we may arrange / as 




«/a 2 - 6* 


^y> 


< .e. 


/= 


V aV—6 2 


— — * cosh -1 -^ 
a»y a 2 — 6* ^ 


--yJ=cosh->“V^±^ (a >6). 

as/a 2 — b 2 bVar + a' 


(x4-l)'/x 


Ex. 2. Integrate 1= j = 


Putting 


we obtain 


V 


3x 2 -2x4-1 
2X 2 -2x4-1 




1 ^ 
y 


3*- i 


2x — 1 


3X 2 -2x4-1 2X 2 -2x4-1 

x(x- 1) 


(3x 2 —2x4- l)(2x 2 —2x4-1) 


The maximum and minimum values y x - and y.r of y- * re gi 
bv x=l and x=0, and are respectively 2 and 1, so that for rea 
values of x, y 2 must be not greater than 2 and not less than 1. 
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•1 


Now v. , -y s = 2-v J = ——— 11 — 

r V ±c*-2x+l 

and y 2 —v J = u 2 - 1 = ———-. I 

* ** * o r s_2.r+l J 

Thus I becomes 

_ /*(ar*-2x+lX2X 3 -2x+1) l±c*~±r +1 x+\ 

I Hr- n A o -3 < 


or 


Now 


Thus 


1) ^a^-^r+l (*2a' 2 -2x+l>\ / ar 3 -2ar+l 

J-f-1 

J ■*(■*-*) 






x+l 

x(x-l) 


Vir 2 - 2x + l 


= (-?— -iW&^-fcr + l 

\-r-l xJ 


1 


J2-V 2 Jv 2 -l 


'-/y=i -jh) d > 

=cosh -1 y+ 2 cos -1 -^- 

v* 

= cosh-\/^2 £± l + 2 CO s-»J- 1 

>2^ —2.r+l s /2'2x 2 — 2x4-1 


Integrate 


EXAMPLES. 


1 _ * 

4. 

1 

(■r s +aV^ + |,3 

• 

, r ""* 

1 

< 

9. _ 1 

5. 

1 


(x 2 + 2a.r + &*)v 

3 . 1 

6. 

1 

(* 1 +l)\ , (a:+iX*?-i) 

(.r-l)$(.r+l)* 

7 

3x + 4 


B.I.O. 


(5X 2 + 8.r>/4i J - 2x + T 

K 
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96. Fractions of form 


a-f b sin x -f c cos x 
a i + ^iSin x+<\ co&x 


This fraction can be thrown into the form 


( — Cjsina;) ( n 

i r i _i ~_~ ~T\ » ^ > 


(«i + b x sin a: + c 1 cos a:) (a x + 6 1 sin a; + c 1 cos cc) 
where A, B, C are constants so chosen that 

A + Ca 1 = a, — Bc x Cb 1 = b, Bb 1 + Cc x = c, 
and each term is then integrable. 


97. Similarly the expression 

a + b sin x + c cos x 
(«! -f 6jSin x + c x cos x) n 
may be arranged as 

A B( b x cos x — c^sin x) 

(c^ + 6 x sin x -+■ CjCOS x) n 4- 6 x sin x + ^cos x) n 

_ C _ 

(a j + 6 x sin x -f- c^cos x) n ~ v 

and the first and third fractions may be reduced by a 
reduction formula [Ex. 25, Ch. VII.], while the second 
is immediately integrable. 

98. Similar remarks apply to fractions of the form 

a + b sinh x c cosh x a + b sinh x-\-c cosh x 

+ 6 1 sinh x -1- CjCOsh x ’ (a Y + ^sinh x + CjCOsh x) n 

99. Some Special Forms. 

.It is easy to show that 

sin x 

sin(# — a)sin(.T — 6)sin(£c — c) 

sin(a - - 6)sin(a — cf°^ x 
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and 


sin 2 # 


sin(# — a)sin(# — 6)sin(# — c) 

_ sin 2 a 1 

^sin(a — 6)sin(« — c) sin(# — a)’ 

whence f^- sin xdx _ 

J sin(# — a)sm(# — 6)sin(# — c) 


sin a i • / x 

= £ sin(a-6)sin(«- c ) lo g - «)• 


and 


f sin 2 # dx 

J sin(# — a)sin(# — 6)sin(# — c) 


sin 2 a 


x — a 


S rJBAA IV 1 

--7-rT : - -r log tail . 

sin (a — 6)sm(a — c) '1 


100. More generally Herinite has shown* how to 
integrate any expression of the form 

/(sin 0, cos 0) 

sin(tJ — ujjsintd — u.,) ... shut) — u M )’ 

"here fix. i/) is any liomogeneous function of s, u of 
• 1 • 47 . * ° 

— I dimensions. 

For hy the ordinary rules of partial fractions 

_ /(M) _ A a v l \ 

(t — a x )(t — n 2 ) ... (t — d n ) (u l — u t j(t-i l — (i s ) ... (a, — <<* 

x 1 +_ I a tdl 1 +..., 

< —(a,— «,)('!, — u,) ... (a, — ‘O t—<A t 

which may lx* written 


r ~ * 

\ A 


fUr, 1> 


— «» l Xa r — t< 1 ) ... (u r — M«) t - "r 

(tin* factor 11 ,- 11 , being omitted in the denominator 
ol the ulmve coefficient 


Simh . W . 1972 
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Putting 2 = tan#, a 1 = tana 1 , a 2 = tana 2 , etc., 
theorem becomes 

/(sin 0, cos 0) 


this 


sin(# — a 1 )sin(# — a 2 ) ... sin(# — a„) 
_ ^ /(sin a r , cos a r ) 


Tims 


^isin(a r —aj) ... sin(a r —a„) sin(# — a r ) 


J 


/’(sin 0, cos #) 




sin(# —aj) ... sin(# —a n ) 

/(sin a r , cos a r ) 


r= n 


G — a r 


-r —=”/—-r log tan — . 

,. =1 sm(a r — eq) ... sin(a r —a*,) 2 


EXAMPLES. 


Integrate 


1. 


sin x 


"i„(*-g) 8in (* + 5) 


2 cos 2.r — cos 2 a 
cos .r — cos a 

„ cos 3.r — cos 3a 

o.-« 

cos .r — cos a 


4. 


cos nx — cos no. 
cos x — cos a 


_ sill 2ar—sin 2a 
5. —----. 


C. 


sin x — sin a 
cos 2 .r 


sin ^(sin-'x — sin-'a) 


General Propositions. 

101. There are certain general propositions on 
integration which are almost self evident from the 
definition of integration or from the geometrical 
meaning. Thus 


102. I. 


J <f>(x)dx = J (p(z)dz , 


a 


for each is equal to \Js(b) — \js(a) if <p(x) be the differ¬ 
ential coefficient of The result being ultimately 

* See Hobson’s Trigonometry , page 111. 
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independent of x it is plainly immaterial whether x or 

~ is used in the process of obtaining the indefinite 
integral. 


J 6 $(x)<h' = J^( x)dx 4- f \ 

a a c 


For if \(s(x ) be the indefinite integral of <p(x) 
the left side is \fs(b) — \j/(a), 
and the right side is \fs{c) — \/r(a) + i/^(6) — \f/(c), 
which is the same thing. 

Let us illustrate this fact geometrically. 



Let the curve drawn be iy = <p(x), and let the or¬ 
dinates N x P lt N 2 P 2> iS r s P 3 be x = a, x = c, x = b respect¬ 
ively. Then the above equation expresses the obvious 
fact that 

Area i\r s P 3 P 1 = area X\N 2 P 2 P l + area A r 2 A r s P 3 P 2 . 


1C4 III. 


<p(x)dx 


u 

For with the same notation as before 
the left hand side is >/'•(&) — 
the right hand side is — £^(a) — >£•(&)]. 


and 
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105. IV. 


| rp(x)dx = 0(a — x)dx 

o o 


For if we put 
we have 
and if 

if 


x = a — y, 
dx = — dy ; 
x = a, y = 0, 
x = 0, y = a. 


Hence 




Geometrically this expresses the obvious fact that, 
in estimating the area OO'QP between the y and x 



axes, an ordinate O'Q, and a curve PQ , we may if ^ © 
like take our origin at O', O'Q as our V-axis, and 0 X 
as our positive direction of the X-axis. 
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r 


For by II. 


p2a -a p2a 

<f>(x)dx=* I 0(x)c?x-f <f>(x)dx , 


0 0 
and if we put 2a—x= y, 
we have dx-^*—dy, 

and when x=*a, y = a. 


when 

Thus 


x = 2a, y = 0. 


= -jV(2a-2/) ( 

a 

= J <p(2a-y)dy 
0 

J -a 

<f>(2a — x)dx. 


u 


Hence 


j <t>(x)dx+^> 


0 0 0 
We leave the obvious geometrical interpretation to 
the student. 

107. VI. Plainly if <p(x) be such that 

<f>(2a—x) = <f>(x) 
this proposition becomes 

r2a pa 

I <p(x)dx = 2 <f>(x)dx, 
o o 

and if <f>(x) be such that <p(2a—x)= —<f>(x)> 

p2o 

1 <j>(x)dx = 0 
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Thus since 


sin"# = sin"(w — #), 

rw 

/ sin"# dr = 2 sin"# dr ; 


and since 
and 


cos 


2n + l - - 


x= — COS 


Cn + 1 


(tt - #), 


and 


cos 2 "# = COS 2n (7T — #), 

I cos 2 ' 1 + *# dx = 0, 
o 

I cos 2 "# dr = 2 I cos 2 "# dr. 


We may put such a proposition into words, thus :— 

To add up all terms of the form sin n xdx at equal intervals 

between 0 and tt is to add up all such terms from 0 to A and 

to double. For the second quadrant sines are merely repetitions 
of the first quadrant sines in the reverse order. Or geometri¬ 
cally, the curve y = sin"# being symmetrical about the ordinate 

^r = 7 T J the whole area between 0 and 7r is double that between 
O and 

Similar geometrical illustrations will apply to other cases. 


108. VII. If 


< p(x ) = <p(a-\-x) 


For, drawing the curve ?/ = <p(x), it is clear that it 
consists of an infinite series of repetitions of the part 
lying between the ordinates OP 0 (x = 0) and 1 /i 
(,x = a) and the areas bounded by the successive 
portions of the curve, the corresponding ordinates and 
the x-axis are all equal. 


j* <p(x)dx= j* <f>(x)dx = j*"* 


and 
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Thus, for instance, 

^ f 

I $izv m Tiix = 2j sin^xc/x = 4 j sin :m j (/u ~ 4— * ~ - 

tf ’0 *0 


2n-3 1 7 r 

* * 7 * 

•./» « M M 



Some Elementary Definite Integrals. 

109. We have seen that whenever the indefinite 
integration j '<f>{x)dx can be performed, the value of 

the definite integral J <p(x)dx can at once be inferred. 

a 

In many cases, however, the value of the definite 
integral can be inferred without performing the in¬ 
definite integration, and even when it cannot be 
performed. 

We propose to give a few elementary illustrations. 
Ex. 1. Evaluate / = J (2or — x 2 )^ veis _1 ^c£r. 


W riting 
we have 


x—2a—y, 
dx= -dy, 

2 ax — x 2 = 2 ay — y 2 , 

i~ J - = tt — vers -1 ^. 


vers 


and 
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Hence 


1 = — / (2ay — y 2 ) v ^7r —vers -1 


la 

ria 


= tt I (2ay - y 2 )Vy - / 

% 

0 

Hence 1= ~ / (?ay-y 2 j*dy. 

w ‘o 

Putting y = a{\ — cos 0), dy = a sin OdO, 
and we obtain/=^ a" +1 J sin n+1 0d0 = 7ra n+l j si n n+1 0d6 


„ . 1 n 71-2/1 — 4 ^ 1 7T 

— 7ra' ,+1 ------ ... down to - or 

n + l 7i-l ti-3 3 2 2* 


according as n is even or odd. 


Ex. 2. Evaluate 1= I log sin xdx. 


Let 


*"g-* 


then 


dx= — dy ; 
ro 

and 

/= 

- j log cos ydy 

7 

w 

[* . 

Hence 

21= 

/ log sin# a#-f 


cos x dx. 


Put 

then 

then 


w 

= / log sin# cos a: 

‘o 

v 

- 5 

= j (log sin 2# — \og2)cLc 
o 

x 

• j 

= j log sin 2# dx — ^ log 2. 


J log si 


2 x = z, 
dx — ^dz ; 

sin 2x dx = £ / l°o s i 

J o 


=P 


sin zdz= \ log sin x dx 
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Tims 


27=/—7 log 2, 
21 

t 7T . 1 

1 = - log 
2 *2 


Thus I log sin xdx = j log cos xdx= 

o *o 

Ex. 3. Evaluate 1= f — ~dx. 

° * 

Expanding the logarithm, we have 


7r i 1 

- log - 
2 ° 2 




(l 2 + 2 a + 3 2 ' f '*P‘ f *“)” 6* 


If we put 
we have 


*=1 -y, 


/= _ f° tyULdy = f l }2K£dx. 

J. i-y y i i-* 


Hence we also hav 


- sm 


1 - 7r -' 


Ex. 4. Evaluate I=J log(x+-^ 


Put 


x —tan 
dx=aec 2 0d $; 


= f log(tan 0 + cot 0)cf0 
*o 

=r 'log 

Jf o sin 26/ 

J 

= — / (log sin 0 + log cos d)dd 

V 

rf 

«=> — 2 / log &in 6(.'0 = 7t log 2. 
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110. Differentiation under an Integral Sign. 

Suppose the function to be integrated to be </>(.**, c) 
containing a quantity c which is independent of x. 

Suppose also that the limits a and o of the integra¬ 
tion are finite quantities, and independent of c. 

Then will 



For let 



Then 


and 


u-f 6 u = 


j* (f>(x, c + Sc)dx, 

a 


Oil 

r\ 

Sc 


{ '^(x,cA- $c)-<t>(x,c)^ 

J <Sc 


which, by Taylor's theorem, 

x,c ) , Sc c) 

3c 2 


_ 

" I L 3c 


-f-- 

9 


+ 





(1 


3 2 0 


And if 0 , say, be the greatest value of which ^> + * 
be capable, 


• c 


MI 


3 ~<t> 
3c 2 


+ 


• • • 


dx < Sc(b — a)z, 


a 


and vanishes in the limit when Sc is indefinitely 
diminished. Thus in the limit 


3n_ C b 3</>Qr, c) dx 
3c J 3c 
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111. The case in which the limits a and b also 
contain c is somewhat beyond the sooj*- of the present 
volume. 


112 This j>rojx>sition may !»• u?**d to deduce many 
new integrations when one ha* been j>ertormed 


/ 


Tima Mince 
1 




tan 


' \ 


<■ + >J > Ox 


(x + c.yjx a Jc + * 

We l»av« ( by ditirreutidling w tittMM witii regaid Ui 

.J. 


I 1 

/ (j t ,f\'j 


4.-«-'r *v'-! 


AU>, iliffeleltt idling « turn** vllk regdil u * * 


i» 


I j ** ‘ 1 2>* I l , / - t 

*♦» !»*.(*• I) ,\t m I t * ’rtd 

(jr + cX* d) * 


I 


Similarly, ill 
e, mm »U«ib 

I * -■ 

+ - d) « 

r*\- 

~(* ) i * (*• 


ill Hi kMlUi f * lilt >r«*iO l%> 


> V# 1 I 

I) 3w*0**l % V ♦ 


« I 


^ l£ ♦* Hi I 


1 OtitelN lU VoOuWMtg n»' 


Cl) *« ‘4. 

,, r 'y**+ 

1 ♦ 4 

(tb | /(»♦*> M ♦ bl 

» , c♦# t 

> f ,db 

m > j« \« - l* ♦ ✓ *4a 

<•* 1 

i 1 „ 
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2. Integrate (i.) 


(ii.) 


(a 2 + b 2 — (a* - - b 2 ) 

[St. 

x + b 

( x 2 4 a 2 )\'x 2 4 c 2 fST. 


John’s, 1888.] 


[St. John’s, 1889.] 


(Hi) 


sin Os'a cos *0 + b sin 2 0 + c [Trinity, 1S88.] 


3. Find the values of 

(i.) f - sin* dr 

- (cos x 4 cos a)\' (cos x 4 cos /?X cos •*' + cos y) 

(ii.) I _ dx 

J cos(.r 4 a)*Jcos{x 4- /3)cos(x + y) 3 

4. Prove that, with certain limitations on the values of the 
constants involved, 

f dx 1 . (ap + b)x+bp+c 

(x — p)(ax 2 4 2bx 4 c )* (- ap 2 - 2bp - c)- (x - p)(b 2 — ac) 2 

[Trinity, 188G.] 

5. Prove that f (cos x) n dx may be expressed by the series 

• „ %*sin 3 jp xr sin\r AT sin 7 # , 
sin x — A . —-— 4 A .,—— — .4,— 4... etc.. 


. (ap-\-b)x + bp + c 
arc sin i-t--——. 


3 — _ 4 ... etc., 

4 


n - 1 


-V,, X„ N 3 . ... being the coefficients of the expansion (14a) 2 , 
and n having any real value positive or negative. 

[Smith’s Prize, 1S76.] 

(>. Evaluate the following definite integrals :— 

(i ) I' _ dx _ 

W 1 1 4 2x4 2#* + 2j? + x 4 ' 


f a n 2 — r- 

(ii -> J 


(lii > i 


Cr dx 


7. Prove that 


J 0 ( 1 4 x){2 4xX3 4 x) 

f 1 dx _ 7T 

(1+^(1-^ 2 ' /2 ’ 


*°V / 3 5 

8. Show that /' ^ 


[St. John’s, 1888.] 


[Oxford, 1S88.J 


[OxtxiRD, 1888.] 
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9. Evaluate 




dr 


cosr 


(ii.) I 


dx 

4 + 5 sin x 


(iiL> r __. 

/ 1 — 2a cos x-ha¬ 


il. C. S M 1839.] 


[I. C. S., 1888.] 


10. Prove that J* cos n xdx is equal to zero or 7 r(n!)/ 2 "(£?i!)- 


according as n is odd or even. 

If S denote the sum of the infinite series 

prove that fsdx-*?-* 

I 4 9 


[Oxford, 1890.) 


11. Prove that if c be < 1, 


(i.) I sin \ccosx)dx = *‘* * 

(ii.) lfW(c CO, »)]Wr-^ + g+g+.... 

2 

12 . Prove that j*(^L^d0=v log2. 

0 

13. Find a reduction formula for J e -Jt sin n xdx. 

0 [St. John’s, 1888.) 

14. Evaluate (i.) f sin x log sin xdx. 

J o ° [5, 1883.] 

(ii.) I tana* log sin xdx. 

J rST. John’s. 1882.1 


[St. John’s, 1882.1 


(iii.) J* si 


sm 2.r log tan x dx. 


[St. John’s, 1886l 
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15. Evaluate 


(i -> 

< a > ?a 


dx 

a'^sin'-vr + 6 2 cos 2 .r" 


sin 2 # 


16. Prove 


(i.) I s 

0 


sin 4 (9 + cos 4 6 

rw x tan xdx _7r 2 
secx + cos.r 4 


[I. C. S., 1887.] 


[I. C. S., 1891.] 


fPOISSON.] 


(no 

J a “ — cos 2 .r ? 


7T' 


17. Prove 


w 2<zVa 2 —1 

« being supposed greater than unity. 

/ 1 !2££<*r = -£l 

./ 1+x 12 

<-> rcr^y^^- 

o 

18. Prove that 

f l adz 2 3 , 2.4 5 

J 1 +a 2 ( 1 —z 1 ) 3 3.5 


[Oxfobd, 1890.] 


19. Prove that 

2 /* ? d0 


§4^+.... 

3.5./ 

[Oxford, 1889.] 


-/ 


_ = i . l%2,l 2 - 3 2 4 1 2 .3 2 .5 2 ^ , 

L 1 + 92 C + 92 a2 C ' 92 42 + ”’’ 


n (1-AosW 22 ' ' 22 • 42 ~ ' 22 - 42 ' 6? 

e being supposed < 1 . 


20. Prove that 


/'-*>=i-j+S-5+p—‘ 

0 [Math. Tripos, 1878.] 

21. Prove that 

1_ ^ + § _ ^ + W~" arf!,!/ ' = S (1+ ' /2) ' [A 1S8«.] 

22 . If </>(x) = - </>(2a - x), j <f>(x)dx= - J <f>(x)dx. 

*6 *0 

[Tbin. Hall, etc., 1886.] 

23. Prove that /** ^ ~ 6 W = /*" f for, provided #*) 

J <£(c-x) J <f>(x-b) 

b b 

remains finite when x vanishes. 


[St. John’s, 1883.] 


miscellaneous methods and EXAMPLES. 1.33 

“■*' ^ rove that j <f>(x)(ix= I {<p(x) + <{>(2a — x)\dx, and illus- 

‘o *o 

trate the theorem geometrically. 

25. If j\x)=/(a + x) 1 show that 

j f(x)dx = (n - 1) I a f(x)dx, 

* 0 
and illustrate geometrically. 

26. Show that f^x)dx = a 1^P + ) dx . 

*1 ' I~P I-P ' 

Determine by integration the limiting value of the sums 
of the following series when n is indefinitely great:— 




[a, 1884.] 


w+l 71 + 2 71 + 3.71 + 71 

(ii.) . JL + ” ■ « , | » 

n 2 +l 2 ^n 2 + 2 2 n*+3 2 ^** n 2 +n 2 ’ [Oxford, 1888.] 

fiii \ _ 1 | _ 1 ■ _ 1 . _ 

j2n-\* J An - 2 2 >J6n - 3- V2n*-n* 

[Clare, etc., 1882.; 

(iv.) i|siir*‘iL + sin 2 “?^+8in 2,t ?^+...+sin 2 *j}, k being an 
nl 2 ti 2 n 2 ti 2j b 

integer. [St. John’s, 1886.] 

28. Show that the limit when n is increased indefinitely of 

(n — m)^ (2 2 n — m )^ t (3 2 n — m )4 .(»»-«)* ■ 3 

t> + 2 n + ^ h,, *+ ^2 ls o’ 


3n 


29. Show that the limit when n is infinite of 


n“ 2 

[Colleges, 1892.] 




1 

n 


IS 


1 /■«*+* 

J <P{x)dx. 

€ a 


Apply tlxis result to find the limit of 

[Clark, etc., 1886.] 
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30. Find the limiting value of ( n\) n jn when n is infinite. 


31. Find the limiting value when n is infinite of the nth part 
of the sum of the n quantities 

n +1 n + 2 7i + 3 n + n , 

y ; y y ••• j - y 

n n n n 

and show that it is to the limiting value of the nth root of the 
product of the same quantities as 3e : 8, where e is the base of 
the Napierian logarithms. [Oxford, 1886.] 

32. If na is always equal to unity and n is indefinitely great, 
show that the limiting value of the product 

i - i J_ 

{1 + a 4 }{1 f(2a)-> t {l+(3a) 4 l s {l + (4«) 4 } i ...{l+(7w) 4 } n is e 4 *. 

[Oxford, 1888.] 


CHAPTER iX 


RECTIFICATION, Etc. 

113 In the course of the next four chapters we 
propose to illustrate the foregoing method of obtain¬ 
ing the limit of a summation by application of the 
pmcvss of integration to the problems of finding the 
lengths of curved lines, the areas bounded by such 
lines, finding surfaces and volumes of solids of 

revolution, etc. 

114. Rules for the Tracing of a Curve. 

As we shall in many cases have to form some rough 
idea of the shape of the curve under discussion, in 
order to properly assign the limits of integration, 
we may refer the student to the author’s larger 
Treatise on the Differential Calculus, Chapter XII., 
for a full discussion of the rules of procedure. 

The following rules, however, are transcribed for 
convenience of reference, and will in most cases 
suffice for present requirements:— 

115. I For Cartesian Equations. 

1. A glance will suffice to detect symmetry in a 
curve. 
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(a) If no odd powers of y occur, the curve is sym¬ 
metrical with respect to the axis of x. Simi¬ 
larly for symmetry about the y-axis. 

Thus y 2 = 4-ax is symmetrical about the x-axis. 

(b) If all the powers of both x and y which occur 

be even, the curve is symmetrical about both 
axes, e.g. } the ellipse 



( c ) Again, if on changing the signs of x and y, the 
equation of the curve remains unchanged, there 
is symmetry in opposite quadrants, e.g. t the 
hyperbola xy = a 2 , or the cubic x 3 -f- y 3 = Sax. 

If the curve be not symmetrical with regard to 
either axis, consider whether any obvious transforma¬ 
tion of coordinates could make it so. 

2. Notice whether the curve passes through the 
origin; also the points where it crosses the coordinate 
axes , or, in fact any points whose coordinates present 
themselves as obviously satisfying the equation to the 
curve. 


3. Find the asymptotes; first, those parallel to the 
axes ; next, the oblique ones. 

4. If the curve pass through the origin equate to 
zero the terms of lowest degree. These terms will 
give the tangent or tangents at the origin. 

5. Find ; and where it vanishes or becomes in- 

dx 


finite; i.e., find where the tangent is parallel or per¬ 
pendicular to the a:-axis. 

6. If we can solve the equation for one of the 
variables, say y, in terms of the other, x, it will be 
frequently found that radicals occur in the solution, 
and that the range of admissible values of x which 
give real values for y is thereby limited. The existence 
of loops upon a curve is frequently detected thus. 
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7. Sometimes the equation is much simplified when 
reduced to the polar form. 

116. n. For Polar Curves. 

It is advisable to follow some such routine as the 
following:— 

1. If possible, form a table of corresponding values 
of v and 6 which satisfy the curve for chosen values 

of 6, such as 0 = 0, ±J, etc. Consider both 

positive and negative values of 6. 

2. Examine whether there be symmetry about the 
initial line. This will be so when a change of sign of 
0 leaves the equation unaltered, e.g. } in the cardioide 
r = a(l — cos 6). 

3. It will frequently be obvious from the equation 
of the curve that the values of r or 6 are confined 
between certain limits. If such exist they should be 
ascertained, e.g. y if r — asHnnO, it is clear that r must 
lie in magnitude between the limits 0 and a, and the 
curve lie wholly within the circle r = a. 

4. Examine whether the curve has any asymptotes, 
rectilinear or circular. 

Rectification. 

117. The process of finding the length of an arc of 
a curve between two specified points is called recti¬ 
fication. 

Any formula expressing the differential coefficient 
of s proved in the differential calculus gives rise at 
once by integration to a formula in the integral 
calculus for finding s. We add a list of the most 
common. (The references are to the author’s /h/f. 
Calc, for Beginners.) 

118. In each case the limits of integration are the 
values of the independent variable corresponding to 
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the two points which terminate the arc whose length 
is sought. 


Formula in the Int. Calc. 

Reference. 

Observations. 

s= i VReP"- 

P. 98. 

For Cartesian Equa¬ 
tions of form 

y =A*)- 

s= AM SK 

, P. 9S. 

| 

For Cartesian Equa¬ 
tions of form 

x =f(y)- 

s= /V’" + (^)' w 

P. 103. 

. 

For Polar Equations 
of form 
r=f{d). 


P. 103. 

For Polar Equations 
of form 

o =A r )- 


P. 100. 

For case when curve 
is given as 
* =J\t), y-F(t). 

1 f r dr 

8 J Jr«-p* 

Pp. 103, 
105. 

For use when Pedal 
Equation is given. 


P. 148. 

For use when Tan¬ 
gential Polar 
Equation is given. 


Formula in the DifT. Calc. 


t/s 

dx 

ds 

dy 

(U 

de 

d< 

dr 

d* 

d .7 

ds 

dr 

fh 

d 7 r 



■VRi)- 

■ -frm- 


■ «)■ 


V 


= sec <p = 


il \p~ 


Jr * - 2 >- 


119. We add illustrative examples :— 

Ex. 1. Find the length of the arc of the parabola x~ = 4ay 
extending from the vertex to one extremity of the latus-rectum. 
.2 ° 

y=—y x =—, and the limits are x = 0 and x—2a. Hence 
4 a 2 a 

= +4 -f ,og( * + 

= ^[2a\^8a* + 4 a 2 log( 1 +n^)] 

=</[\'2 + log( 1 + v^)]. 
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Ex. 2. Obtain the same result by taking y as the inde¬ 
pendent variable. 

x-s'-iay, ( ~-= \J-, and the limits are y — 0 and </ — o. Hence 

ay > y 

arc = /l~+ a du ^ Put >V = « ta n-0, 

J ^ y ^ and .'. </y — 2a tan # sec 1 ’# t/0.) 
0 ^ 

= I *2asecW0 

[~ tan#, sec# , , , ^ '1 * 

— -«L —g-+ J log(tan 0 + aec 0 )\ 

■* + h>g< 1 + \'2)]. 

Ex. 3. Find the perimeter of the cardioide / -#i I - < .**. t/y. 



TU mi v# i« • » i<»l »lkisl (U uni i*l i n#, and W v*rt#« 

fr«»Hi 0 t*> ir l«.i th« u|-|»i UK 
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Ex. 4. 
p = r sin a 
i\ and r 2 . 

Here 


Find the length of the arc of the equiangular spiral 
between the points at which the radii vectores are 

rdr r 2 - r t 

— r^in-a c09 a 

r \ 



Ex. 5. Find the length of any arc of the involute of a circle, 
whose equation is p = AyJr + B. 

Here s = + J /xty ~ Vh 2 ) + ~ W> 

where \J/ X and yf/ 2 are the values of \fs at the beginning and end 
of the arc respectively. 


120. Formula for Closed Curve. 

In using the formula 

in the case of a closed oval, the origin being within 
the curve, it may be observed that the length of the 

/•2f 

whole contour is given by I pdx/s, for the portion 


BS disapp 


ears when the limits are taken. 


Ex. Show that the perimeter of an ellipse of small eccen¬ 
tricity e exceeds by ^ of its length that of a circle having the 
same area. C”/* 1889-1 

Here p 2 = a*cos a a + 6 J sin 2 a = a 2 ( 1 - e 2 ein*a) = a 2 ( 1 - e 2 cos*yJr), 
where a is the angle which p makes with the major axis. 

p=a( 1 - ^e 2 cos -\]s - -e 4 cos *\fs - ... J . 


Hence 


Hence 


, (IT 1 „ 1 77 1 3 1 77 l 

' = 4a \2~f'22 _ 8 C ’422 "7 




4 64 


•> 


4 
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I he radius (r) of a circle of the same area is given by 

r 2 — ab = a\ \ — e*)^ 

and its circumference*»2wa( l- *e* - e 4 ... I 

\ 4 32 / 

Circuuif. ellii»se — circumf. circle =( 3 - 3 \irat 4 . tir* 

1 \16 32/ 64 

**64 l c * rc ' c ' rc ^**]’ M far a* terms involving e 4 . 


EXAMPLES. 

1. Find by integration the length of the arv of the t.i i* 
** + y a -»a*, intercepted between the points a here r«4ds u and 
J' »• a c*w /f. 

2 Kho w that in the csUitth y- CiXeti ‘ the U-ugth of an 

c 

from the vertex (where jt — O) to an v point u given t>v 

, s 

l«f stub 

r 

3 In the vvoiute of a |«Lfal* la v ia.. 2* r « 27ee i Uh • 

that the length of |.he curve (rots it* c»*ep ( / ■ 2 <) U lU pm I 

where it meets the |«ial>4x »• bih) - I X 

4 Show that the length »«f the an of the c»chad 

M - «* If ♦ MU f> , | 

jf-sd - oms f 

ta t ween the (toinW f«*c w hi. h and 9 - f4, Is M 4* mk 9 

fr. Hb»s that ik the v« h*d for • b* h 



«•(« ♦ k V«S 

9 - 4 iva 

'V*! 


1 

♦ 

t 

1 

* 

« 4m* 

■;**! 


4*«« 4) 

• 


• h*Mig i ao 

■MNnI flV4i l4t 

•1 at a he 4 |*«4 « 


Whea * - - * rihes lUl #*♦>*••* , nd umi If « ts 
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6. Show that in the ellipse x=a cos 0, y=6sin0, the peri¬ 
meter may be expressed as 



l 2 .3 £>4 _1 2 .3 2 .5 ?6 
2 2 .'4 2<? 2*. 4-. 6- 


to OC 



7. Find the length of any arc of the curves 

(i.) r = a cos 6. (iii.) r = aO. 

(ii.) r — ae m0 . (iv.) r=a sin 2 ^. 


8. Apply the formula jpchfr to rectify the cardioide 

whose equation is r = a(l + cos 0). [Trinity, 1888. J 


9. Two radii vectores OP, OQ of the curve 

r = 2a cos3(| + |) 

are drawn equally inclined to the initial line ; prove that the 
length of the intercepted arc is aa, where a is the circular 
measure of the angle POQ. [Asparagus, Educ. Times.] 


10. Show that the length of an arc of the curve y"=x m+n can 

be found in finite terms in the cases when — or -^- + - is an 
. . 2 m 2 m 2 

integer. 


11. Find the length of the arc between two consecutive cusps 
of the curve (c-— a-)p' 2 = c^r 1 — a 2 ). [Epicycloid*] 

12. Find the whole length of the loop of the curve 

3ay 2 =jc(x — d) 2 . [Oxford, 188'J.] 

13. Show that the length of the arc of the hyperbola . ry = a 2 

between the limits x = b and .r = c is equal to the arc of the 

curve p%a i + r i ) = a i r 2 between the limits r=b, r = c. 

r v / [Oxford, 1888. J 


14. Show that in the parabola 1+cos 0,-^ = and 


2 a 

— = i -+- cos v, —j-. = . ,T I 
r dyfr sin 3 y 

hence show that the arc intercepted between the vertex and the 

extremity of the latus rectum is a{*fe+log(l + V2)}. ^ 
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12L Length of the Arc of an Evolute. 

It has been shown ( Diff. Calc, for Beg., Art. 157) 
that the difference between the radii of curvature at 



Fig. 12. 

two points of a curve is equal to the length of the 
corresponding arc of the evolute; 



Fig. 13. 

i.e. % if ah be the arc of the evolute of the portion AH 
of the original curve, then (Fig. 12) 

area h = Aa — Hh t i.e., p (at A) — p (at H ), 
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and if the evolute be regarded as a rigid curve, and a 
string be unwound from it, being kept tight, then the 
points of the unwinding string describe a system of 
parallel curves one of which is the original curve AH. 


Ex. Find the length of the evolute of the ellipse. 

Let a, a', /?, /?' be the centres of curvature corresponding to 
the extremities of the axes, viz., A , A', B, II respectively. The 
arc aft of the evolute corresponds to the arc AB of the curve, 
and we have (Fig. 13) 

arc a(3 = p( at B) — p{ at d )= 


[for rad. of curv. of ellipse = Ex. 3, p. 153, Ditf.Calc.for Beg.]. 
Thus the length of the entire perimeter of the evolute 



EXAMPLE. 

Show in the above manner for the parabola ?/ 2 = 4a.r that the 
length of the part of the evolute intercepted within the parabola 

is 4a(:W3-l). 

122. Intrinsic Equation. 

The relation between s, the length of the arc of a 
given curve, measured from a given fixed point on 



the curve, and the angle between the tangents at the 
extremities of the arc is called the Intrinsic Equation 

of the curve. 
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123. To obtain the Intrinsic Equation fro 
Cartesian. 


• I 


the 


Let the equation of the curve be given a s y= f(x). 
Suppose the j-axis to be a tangent at the origin, and 
the length of the arc to be measured from the origin. 

Then tan ^.(1) 

also s = J“ +[/(•£)]-< Ijc. .(2) 

0 

If s be determined by integration from (2), and x 
eliminated between this result and equation (1), the 
required relation between s and will be obtained. 

Ex. 1. Intrinsic equation of a circle. 



If \fr be the angle between the initial tangent at A and the 
tangent at the point P, and a the radius of the circle, we have 

roA=p$'X=ir, 
and therefore s = ayfr. 

Ex. 2. In the case of the catenary y-f c = c coshthe in¬ 
trinsic equation is « = ctan c 


For 


tan yfr = = sinh - 

dc c 


V 


= \l 1 + sinh 2 - = cosh¬ 
er c 


and 


ds 

dv 
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and therefore 


s = c sinh 


c 

the constant of integration being chosen so that x 
together, whence 

s = c tan y\r. 


and s vanish 


124. To obtain the Intrinsic Equation from the 
Polar. 



Take the initial line parallel to the tangent at the 
point from which the arc is measured. Then with the 
usual notation we have 

r =j{6), the equation to the curve,.(1) 

'/'• = $ + </>,. . ^ 


tan </> = i 


do _ m 

dr ~f\ey 



% =V r2 + © 2 -+ [fm . (4 ’ 

If s be found by integration from (4), and 0, <f> 
eliminated by means of equations (2) and (3), the 
required relation between s and \js will be found. 

Ex. Find the intrinsic equation of the cardioide 

r = a(l - cos 0). 


Here 


tan 


yfr = 0 + <f> 

± q( 1 - cos 6) 
^ a sin 6 



and 
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Fig. 17. 


Also 


and 


^ 77 = \ / a 2 (l — cos #) 2 -fa-sin 2 ! 
at i 

Q • 0 
— 2a sin 

2 

A 

s = —4a cos - + C. 

22 


If we determine (7 so that 3 = 0 when 6 — 0, we have 

(7= 4a, 

3 = 4a^l-cos^, 

or « = 4a^l — cos^^, 

the intrinsic equation sought. 

We may notice that if A be the vertex, the arc A Pis 4 a cos 

3 
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125. When the Equation of the Curve is given as 

x=A 0 > y = 0 ( 0 . 

dy_ m 

s'/*\ .•••••v A y 


we have 




Ais ° S=V(S)+(S) 2 =^)] s +^w..(2) 


By means of equation (2) 5 may be found by in¬ 
tegration in terms of t. 

If then, between the result and equation (1) t be 
eliminated, we shall obtain the required relation 
between s and \fs. 


Ex. In the cycloid 


we have 


Also 


x = ci(t 4-sin ?), 

y — a{ 1 — cos ?), 

, sin? . ? 

tan Y = - -= tan 

14- cos t 2 

t = 2\Js. 

= oaJ (1-f- cos t)~ 4- sin 2 ? = 2a cos 
dt 2 


whence 5 = 4a sin - if s be measured from the origin where ? 

2 

Hence 3 = 4a sin i/' is the equation required. 


= 0 . 


126. Intrinsic Equation of the Evolute. 

Let s = /(x/r) be the equation of the given curve. 
Let s' be the length of the arc of the evolute measured 
from some fixed point A to any other point Q. Let 
0 and P be the points on the original curve corre¬ 
sponding to the points A , Q on the evolute; p 0 , p the 
radii of curvature at 0 and P; \j/ the angle the 
tangent QP makes with OA produced, and \jr the 
angle the tangent PT makes with the tangent at 0. 
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or 


Then \}s ==>/r, and 

s' = p -p 0 

s'=fW) 


ds 

d\js 

Po 


^7./ POi 



127. Intrinsic Equation of an Involute. 

With the same figure, if the curve AQ be given by 
the equation s'=f(y//) t we have 

p = d + p 0 , p = and = 


whence 


8 


d\/s' 

=|{/(V r )+Po}^V r * 

Ex. The intrinsic equation of the catenary is s = ctan\£'- 
(Art. 123). 

Hence the intrinsic equation of its evolute is 

s=c Bec^hjr - pQ, 

an d p 0 = radius of curvature at the vertex 

— c = c sec hfr and \js = 0 J, 

the evolute is « = c(sec 8 ^-—1), or s=c tan 2 ^ - . 

The intrinsic equation of an involute is 

a = J(c tan yfr -f A)d\fs 

— c log sec yp-+Ayjs 4- constant ; . 

and if a be so measured that *=0 when ^-=0, we have 

a = c log(sec ^r) 4- A yjr. 
e.i.o. v 
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128. Length of Arc of Pedal Curve. 

If P he the perpendicular from the origin upon the 
tangent to any curve, and y the angle it makes with 
the initial line, we may regard p, y as the current 
polar coordinates of a point on the pedal curve. 

Hence the length of the pedal curve may be cal¬ 
culated by the formula 



Lx. Apply the above method to find the length of any arc 
of the pedal of a circle with regard to a point on the circum¬ 
ference ( i.e . a cardioide). 



Here, if 2a be the diameter, we have from the figure 


Hence 


arc 


p=z OP cos - = 2a cos 2 -. 
r 2 2 

of pedal — I 2^/a 2 cos 4 ? + a 2 sin 2 ^ cos 2 *c?x 
= / 2a cos - dx = 4 a sin - + C. 

I 9 9 


The limits for the upper half of the curve are x = 0 and x 
Hence the whole perimeter of the pedal 


= 7r. 


= 2^4a sin ~J — 8a. 
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EXAMPLES, 

1. Find the length of anv arc of the curve y\a — x) = x 3 . 

[a, 1888. ] 

2. Find the length of the complete cycloid given by 

x = a# + asin 6,} 
y = a — a cos 0. I 

3. Find the curve for which the length of the arc measured 
from the origin varies as the square root of the ordinate. 


4. Show that the intrinsic equation of the parabola is 

s = a tan sec \Js + a log(tan \fs 4- sec ^). 


5. Interpret the expressions 



<»'■> /Gi-sth 


wherein the line integrals are taken round the perimeter of a 
given closed curve. [St. John’s, 1890.] 


6. The major axis of an ellipse is 1 foot in length, and its 

eccentricity is 1/10. Prove its circumference to be 3 1337 feet 
nearly. ' [Trinity, 1883.] 

7. Show that the length of the arc of that part of the 
cardioide r = a(l 4 - cos 6 ), which lies on the side of the line 
4r = 3asec 0 remote from the pole, is equal to 4 a. [Oxford, 1888.] 

8. Find the length of an arc of the cissoid 

sin 2 # 

r = a - Z) . 

cos 0 


9. Find the length of any arc of the curve 

3 S 4 
x* — ?/ 3 = a . 

10. Show that the intrinsic equation of the semicubical para¬ 
bola 3 ay 2 = 2jA is 9s = 4a(sec 3 \fs — 1). 


11. In a certain curve. 


x=e®sin #, 1 
y = e e cos #, / 

s = e 0, J 2 4- C. 


show that 
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12. Show that the length of an arc of the curve 

.r sin 6+y cos 0= f(O), 
xcos 6-y sin 6 =/"(0) t 
is given by s = f(6)+f"(6) + C. 

13. Show that in the curve y = a log sec- the intrinsic equa¬ 
tion is 8 = a 


14. Show that the length of the arc of the curve y = logcoth 

between the points (.r„ y,), (x^ y 2 ) is log^HljL^ 

sinli x l 

15. Irace the curve y 2 = ^(a — x) 2 , and find the length of that 

part of the evolute which corresponds to the loop. 

[St. John’s, 1881 and 1891.] 

16. Find the length of an arc of an equiangular spiral 
(p = r sin a) measured from the pole. 

Show that the arcs of an equiangular spiral measured from 
the pole to the different points of its intersection with another 
equiangular spiral having the same pole but a different angle 
will form a series in geometrical progression. [Trinity, 1884.] 


17. Show that the curve whose pedal equation is p- = r 2 — a i 
has for its intrinsic equation s = a 

18. Show that the whole length of the limason r=a cos 0 + b 
is equal to that of an ellipse whose semi-axes are equal in length 
to the maximum and minimum radii vectores of the limayon. 


19. Prove that the length of the nth pedal of a loop of the 
curve r m = a m sin mO is 


mn - m-fl 

m dd. 




- rn i 

a(mn-fl)/ (sin mO) 

*0 

20. Show that the length of a loop of the curve 

3x 2 y -y 3 =(x 2 +y i ) 3 

2 r * 

1 


[f, 1883. J 


[St. John's, 18SLJ 


H ioi 


CHAPTER X. 

QUADRATURE, Etc. 

129. Areas. Cartesians. 

The process of finding the area bounded by any 
portion of a curve is termed quadrature. 

It has been already shown in Art. 2 that the area 
bounded by any curved line [y = (j>{x)~\ ) any pair of 
ordinates [x = a and x = b] and the axis of x , may be 
considered as the limit of the sum of an infinite num¬ 
ber of inscribed rectangles; and that the expression 
for the area is 

| ydx or Jr/> (x)dx. 

a a 

In the same way the area bounded by any curve 
two given abscissae [y = c, y = d ] and the y-axis is 

^xdy. 

c 

130. Again, if the area desired be bounded by two 
given curves [y = <j>(x) and y = \/,(x)] and two given 
ordinates [x — a and x = 6], it will be clear by similar 
reasoning that this area may be also considered as the 
limit of the sum of a series of rectangles constructed 
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as indicated in the figure. The expression for the 
area will accordingly be 

Lt^jPQdx or [ [<£( x) — yfs(xj]d. 

x = a J 


X . 


« 



ordinates x=c, x = d and the x-axis. 

f d b r 2-*>/ br xJ d l - x 2 .a 1 • \X~\ d 

Here area = / -VS-j- + 2 _ 5J« 

*c 

= cVa 2 ^ 2 + a 2^ sin-1^ _ sin" 1 ^)]. 

For a quadrant of the ellipse we must put d=a and c = Oand 

the above expression becomes 

b o 7r „ 7 Tab 

— . or . -- or ——, 

2a 2 4 

giving 7 ra 5 for the area of the whole ellipse. 

Ex. 2. Find the area above the *-axis included between the 

curves i/ 2 =2ax -x 2 and y-=ax. . . . , • 

The circle and the parabola touch at the origin and cut again 

at (a, a). So the limits of integration are from *=0 to x-a. 

The area sought is therefore 

j [*J'2ax — x 1 -^ax\ix. 
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Now, putting .r=a(l — cos 0\ 



Fig. 2L 


Ex. 3. Find the area 

(1) of the loop of the curve x(x 2 + y 2 ) = a(x 2 — y 2 ) ; 

(2) of the portion bounded by the curve and its asymptote. 

Here y 2 = x * 1 ~ x . 

^ a+x 

To trace this curve we observe :— 


(1) It is symmetrical about the .r-axis. 

(2) No real part exists for points at which x is > a or 

< - a. 

(3) It has an asymptote x+a = 0. 

(4) It goes through the origin, and the tangents there are 

y= ± x. , 

(5) It crosses the .r-axis where x = a , and at this point ~ is 
infinite. 

(6) The shape of the curve is therefore that shown in the 

figure (Fig. 22). 


Hence for the loop the limits of integration are 0 to a, and 
then double the result so as to include the portion below the 
a:-axis. 
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For the portion between the curve and the as 3 ’mptote the 
limits ars —a to 0, and double as before. 

For the loop we therefore have 


area = 


-’/■'VS*" 


for the portion between the curve and the asymptote, 

=- 2 fW \ 


area 


(Lr. 


a + x 


— a 



To integrate J x^ < I—Edx, put 

x = a cos 6 and dx= -a sin 616. 


Then f = " f a eos 6 s!n edQ 


7 
-7 


cos 6 — cos 1 6)d$ 


=a V 


2 


area 


of loop = 2a 2 ^1 


and 
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Again, I xJ-— X <ix = - / "a cos # sin 

y *a + x J > 1 — co6"(/ 

T 

= a 2 j (cos 0 — cos 2 0)dQ 

T 

= -“ s ( 1+ i> 

[The meaning of the negative sign is th is:—In choosing the 

4- sum before the radical in y = x < W ( j.~f we are tracing the 

V tz + x 

portion of the curve below the x-axis on the left of the origin 
and above the axis on the right of the origin. Hence y being 
negative between the limits referred to, it is to be expected 
that we should obtain a negative value for the expression 

Lt X ±° y &r.] 

— a 


Thus the whole area required is 


2<z 2 ( 


i+£\ 
4 / 


[It must also be observed in this example that the greatest 
ordinate is an infinite one. In Art. 2 it was assumed that 
ever y ordinate was finite. Is then the result for the area 
bounded by the curve and the asymptote rigorously true ? 

To examine this more closely let us integrate between limits 
— o + c and 0, where € is some small positive quantity, so as 
to exclude the infinite ordinate at the point x= — a, we have 
as before _ 

j x ^ a ~ x i r = a 2 j (cos 6 — co * 3 0)d0 

where — a-f € = a cos(-7T — 8), 


so that 8 is a positive small angle. This integral is 

2 r . n 6 sin2fTl 7r- ^ 2 r • s i 7T —5 . tt . sin2 
- sin d — ~ -- =a 2 \ sm 5—1-— 

L 2 4 J* L 2 


+ 4 + 


—[- 1 -I+i + - 4+! W 




which approaches indefinitely close to the former result 

-*( 1 + S). 

when 8 is made to diminish without limit.] 

K.I.C. F 2 
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EXAMPLES. 

1. Obtain the area bounded by a parabola and its latus 
rectum. 

2. Obtain the areas bounded by the curve, the x-axis, and the 
specified ordinates in the following cases :— 


y = ccosh-, 


(«) 

(6) y=e*, 

(c) y = -Ja 2 - 


a 


A 


x=0 to x = h. 
x=0 to x = h. 
x = Ja 2 -b 2 to x—a. 


(d) y = xe*, 

M 


x=0 to x = h. 
x= a to x = b. 
x = a to x = b. 


y =log x, 

if) W =* 2 > 

3. Obtain the area bounded by the curves y 2 = 4ax } x 2 = Aay. 

4. Find the areas of the portions into which the ellipse 
x 2 ja 2 +y 2 /b 2 =\ is divided by the liney=c. 

5. Find the whole area included between the curve 

apy 2 = a 2 (y 2 — x 2 ) 

and its asymptotes. 

6. Find the area between the curve y 2 (a +x)=(a — x) 3 and its 
asymptote. 

7. Find the area of the loop of the curve y 2 x + (x + a)\x + 2a) = 0. 


131. Sectorial Areas. Polars. 

When the area to be found is bounded by a curve 
r = f(6) and two radii vectores drawn from the origin 
in given directions, we divide the area into elementary 
sectors with the same small angle SO, as shown in the 
ficrure. Let the area to be found be bounded by the arc 
PQ and the radii vectores OP, OQ. Draw radii vectores 
0P V 0P 2 , ... OP n - 1 at equal angular intervals. Then 
by drawing with centre 0 the successive circular arcs 
PN, P X N V P 2 No, etc., it may be at once seen that the 
limit of the sum of the circular sectors OPN, OP ^ 
0P„No etc., is the area required. For the remaining 
elements PNP V P&P* P 2 *\ P 3 > etc., may be made to 
rotate about 0 so as to occupy new positions on the 


QUADRATURE\ ETC. 


159 


greatest sector say OP n -\Q as indicated in the figure 
Their sum is plainly less than this sector; and in the 
limit when the angle of the sector is indefinitely 
diminished its area also diminishes without limit pro¬ 
vided the radius vector OQ remains finite. 



The area of a circular sector is 


i(radius) 2 X circular meas. of angle of sector. 

Thus the area required = hLt^,r 2 S6, the summation 
being conducted for such values of 0 as lie between 
G = xOP and Q = xOP n -i> i.e.,xOQ in the limit, Ox being 
the initial line. 


In the notation of the integral calculus if xOP 
and xi)Q — /3, this will be expressed as 


= a, 


or ijV(0)} 2 da 

a 


Ex. 1. Obtain the area of the semicircle bounded by r=acoaO 
and the initial line. 

Here the radius vector sweeps over the angular interval from 
0 =0 to 0=^. Hence the area is 

i f 7 a*cos*0d0=j ‘ £ f = *•*» ^ 7r < radiua ) 2 

9 
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Ex. 2. Obtain the area of a loop of the curve r=a sin 3 9. 

This curve will be found to consist of three equal loops as 

indicated in the figure (Fig. 24). 

The proper limits for making the integration extend over the 

first loop are 0 = 0 and d = ?> for these are two successive values 
of 9 for which r vanishes. 3 



area of 



2 sin 2 3 0d9 


T 

(1—cos Q9)d9 




The total area of the three loops 


is therefore 




EXAMPLES. 


Find the areas bounded by 

1. r 2 = a 2 cos 2 0 + 6 2 sin 2 0. 3. One loop of r = a sin 4(9. 

2 One loop of r = a sin 20. 4. One loop of r=a sin n0. 

5. The portion of r=a/~ ta bounded by the radii vectores 
e = (3 and 9 = {3 + y (y being less than 2 tt). 

6. Any sector of r~0 = a^ (9 — a. to 9 = (3)- 

7. Any sector of r0^ = a (0 = a to 9=(3). 

8. Any sector of r9 = a (9 = a. to 9 = fi)- 

9. The cardioide r = a(l - cos 0). 

10. If 5 be the length of the curve r=a tanh - between the 


origin and 9 = 2tt, and A the area between the same points, 
chow that A = a{,-air). [Oxford, 1888.] 


qcadratcre, etc. 
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132. Area of a Closed Curve. 

Let (x, y) be the Cartesian coordinates of any point 
P on a closed curve; (x 4- ox, y 4* Sy) those of an adjacent 
point Q. Let (r, 0), (r + 6r t 0 + S0) be the corresponding 
polar coordinates. Also we shall suppose that in 
travelling along the curve from P to Q along the 
infinitesimal arc PQ the direction of rotation of the 
radius vector OP is counter-clockwise ( i.e . that the 



area is on the left hand to a person travelling in this 
direction). Then the element 


= A OPQ = \{xSy - yox). 

Hence another expression for the area of a closed 

the limits being such that the point (x, y) travels once 
completely round the curve. 


133. If we put y — vx so that ^^ dv. 


we 


may write the above expression as where x is 

to be expressed in terms of v and the limits of in¬ 
tegration so chosen that the current point (x, y) travels 
once completely round the curve. As v is really 
tan 6 and oecomes infinite when 6 is a right angle care 
must be taken not to integrate through the value qo . 
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% 

and 


Ex. Find by this method the area of the ellipse 

aPjaP -\-y l jb' 1 —\. 

Putting y = vx, we have 


- 7 .+ V 2 


a 


between properly chosen limits. 

Now, in the first quadrant v varies from 0 to co. Hence 

area of quadrant = — • 

2 2 

and therefore area of ellipse =7 rab. 


134. If the origin lie without the curve, as the 
current point P travels round we obtain triangular 
elements such as OP 1 Q 1 , including portions of space 
such as OP 2 Q 2 shown in the figure which lie outside 



the curve. These portions are however ultimately 
removed from the whole integral when the point P 
travels over the element P 2 Q 2 , for the triangular 
element OP 2 Q 0 is reckoned negatively as 0 is decreasing 
and SO is negative. 


135. If however the curve cross itself, the expression 
£^{xdy — ydx), taken round the whole perimeter, no 
longer represents the sum cf the areas of the several 
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loops. For draw two contiguous radii vectores 0P V 
0Q X cutting the curve again at Q t , P 3 , Q A and P 2 , Q 3 , P A 
respectively. Then in travelling continuously through 
the complete perimeter we obtain positive elements, 
such as 0P X (\ and OP 3 Q 3 , and negative elements 
such as OP.Q* and OP A Q A . 

Now OP l Q 1 - OP,Q t -f OP 3 Q 3 - OP A Q A 

= quadl. P X Q X P a Q a — quadl. P 2 Q 2 P S Q 3 , 

and in integrating for the whole curve we therefore 
obtain the difference of the two loops. 



Similarly, if the curve cuts itself more than once, 
this integral gives the difference of the sum of the odd 
loops and the sum of the even loops. 

To obtain the absolute area of such a curve we must 
therefore obtain that of each loop separately and then 
add the results. 

Of course in curves with several equal loops it is 
sufficient to find the area of any one, and to ascertain 
the number of such loops. 

136. Other Expressions for an Area. 

Many other expressions may be deduced for the 
area of a plane curve, or proved independently, 
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specially adapted to the cases when the curve is 
defined by other systems of coordinates. 

If PQ be an element os of a plane curve, and OY 
the perpendicular from the pole on the chord PQ, 



Q 


A OPQ= hOY.PQ ,and any sectorial area = ^LtlOY.PQ 
the summation being conducted along the whole 
bounding arc. In the notation of the Integral Cal¬ 
culus this is 

jjp ds. 

[This may be at once deduced from J Jr*<20, thus:— 

jr 2 c?0 = \ r2 ^ ( ^ s = J r s * n 0 

(where <f> is the angle between the tangent and the 
radius vector) 

=Jp *•] 

137. Tangential-Polar Form. 

... ds d z p 

Again, since p = ^ = p + 


we have area 


= lj pds=i\p(p+^p) d ^ 
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a formula suitable for use when the Tangential-Polar 
equation is given. 

138. Closed Curve. 

W hen the curve is closed this expression admits of 
some simplification. 


For 




area 


and in integrating round the whole perimeter the first 
term disappears. Hence when the curve is closed we 
h ‘” 

Ex. By Ex. 23, p. 113, Diff. Calc, for Beginners, the equation of 
the one-cusped epicycloid ( ue ., the cardioide) may be expressed as 

p = 3a sin^T. 

r 3 



Hence its whole area = ^/(Oa^in^-a 2 coB^t^dyfr taken be¬ 


tween limits yfr=0 and V r == — and doubled. 

r 2 

Putting yfrt=30y this becomes 

r \ 

= 3 a 2 j (9sin*0 —cos 8 0)cft?=67ra s . 
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139. Pedal Equation. 

Again, for curves given by their pedal equations, 
we have 

p ds = dr = sec 0 dr = £ 

Ex. In the equiangular spiral ^? = rsina. 

Hence any sectorial area 

= l r r2sin = iW - r, 2 )tan a. 

V rcos a 




140. Area included between a curve, two radii 
of curvature and the evolute. 

In this case we take as our element of area the 
elementary triangle contained by two contiguous radii 
of curvature and the infinitesimal arc ds of the curve. 



Fig. 30. 

To first order infinitesimals this is \p~o\js, and the 
area = Z?Sl (0 2 o>, Le. lj P 2 d^ or jjp do. 

Ex. 1. The area between a circle, its involute, and a tangent 
to the circle is (Fig. 31) 
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Ex. 2 . The area between the tractrix and its asymptote is 
found in a similar manner. 

The tractrix is a curve such that the portion of its tangent 
between the point of contact and the x-axis is of constant 
length c. 



Taking 

elemental 


two adjacent tangents and the axis of x as forming 
triangle (Fig. 32) 

area — 2 . c 2 d\fr = ~-. 

5 


an 



EXAMPLES. 

1. Find the area of the two-cusped epicycloid 

p = 2asin^. 

r 2 

[Limits yfs = 0 to yfr = tt for one quadrant.] 

2 . Obtain the same result by means of its pedal equation 

r 2 = a 2 + $p-. 

[Limits r=a to r = 2a for one quadrant] 
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3. Find the area between the catenary s = ctani/q its evolute, 
the radius of curvature at the vertex, and any other radius of 
curvature. 

4. Find the area between the epicycloid 8 = A sin B\J/, its 
evolute, and any two radii of curvature. 

5 . Find the area between the equiangular spiral s = Ae B ^ t its 
evolute, and any two radii of curvature. 


Areas of Pedals. 


141. Area of Pedal Curve. 

If p=f(\Js) be the tangential-polar equation (Dif. 
Calc, for Beginners, Art. 130) of a given curve, o\js 
will be the angle between the perpendiculars on two 
contiguous tangents, and the area of the pedal may be 

expressed as p 2 d\/s (compare Art. 131). 



Ex. Find the area of the pedal of a circle with regard to a 

point on the circumference (the cardioide). 

Here if OY be the perpendicular on the tangent at 7, ana 
OA the diameter ( = 2a), it is geometrically obvious that Vi 

bisects the angle AOY. Hence, calling YOA = we have for 
the tangential polar equation of the circle 

p = 2acos-z~. 



Hence 
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vrhere the limits are to be taken as 0 and i r, and the result to 
be doubled so as to include the lower portion of the pedal. 

Tims 

1 7T 3 o 
- — = -7 ra\ 


A=4a-j cos^dxfr = 4a*. 2 I cos*&d0 = 8a^ 



Fig. 34. 

142. Locus of Origins of Pedals of given Area. 

Let 0 be a fixed point Let p, \/s be the polar co¬ 
ordinates of the foot of a perpendicular 0 Y upon any 
tangent to a given curve. 



Fig. 35. 

Let P be any other fixed point, PYA=p^) the per¬ 
pendicular from P upon the tangent. Then the areas 
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of the pedals with 0 and P respectively as origins are 

jj p-d\jr and ijPidy/r, 

taken between certain definite limits Call these 
areas A and A l respectively Let r, 0 be the polar 
coordinates of P with regard to 0, and x, y their 
Cartesian equivalents. Then 

Pl = p-r cos( 6 — y/s) =p — x cos \fr — y sin 

and p is a known function of y/r Hence 
2A 1 = \pfd-yfr = j(p - x cos ^ - y sin 

= jp 2 (ty - 2zJ p cos i/r dxj, - 2 y^p sin i/r d\js 


+ 


a: 2 |cos 2 ^ d\js + 2 xi/jcos ^ sin \js dxl. 


+ i/" jsiiA.'/ d\p-. 

Now 2 jp cos \js dx/r, 2jp sin 1 // ddy, jcos^^,... 

between such limits that the whole pedal is described 
will be definite constants. Call them 

- 20 , - 2 /, a, 2 /t, b, 

and we thus obtain 

2A l = 2A + 2gx + 2fy + ax 2 + 2 hxy + by 2 

If then P move in such a manner that A x is constant, 
its locus must be a conic section. 


143. Character of Conic. 

It is a known result in inequalities that 

(j,»- + q* + ' l ' z +...+k 2 )(p 1 2 + qi 2 + r i+---+ Jc i ) 

< (PPi + qqi+ • • • + ^’i) 2 

Hence it will be obvious that if p, q,r. 


stand for 
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cosh, cos 2 h, cos3 h, ..., cos nh, and p v q v r v ... , for 
sink, sin 2 h, etc., we shall have in the limit when h is 
made indefinitely small and nh finite — say, 



ah > h 2 . 

Hence our conic section is in general an ellipse. 
-Moreover the position of its centre is given by 

ax + liy + '7 = 0 ) 

hx -f by + /= O f ' 

and is independent of the magnitude of A v Hence 
for different values of A x these several conic-loci will 
all be concentric. We shall call this centre 12. 


144. Closed Oval. 

Next suppose that our original curve is a 
oval curve, and that the point V is within it 
the limits of integration are 0 ami ‘J-rr. 


Thus 




ami h = 

mr 
0 

Hence the conic liecomes 


f cos \js sin \js tl\jr 



closed 

Then 


x.e 


tt {X 1 + y*) + 2yjr + 2 /y + 2 < A — A • 

a circle wlntse centre is st the |*»int 
I f** I r* 

I f> \jr , I /nun 



140 Connexion of Areaa 

1 he (•oint 12 having Imii found I* t u» tmiMfcr our 
origin from O to 12 TV Imrar term* t>f the cotoc 
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will thereby be removed. Thus Q is a point such 

that the integrals jp eos \!s cty and jp sin i/r both 

vanish, and if II be the area of the pedal whose pole 
is Q we have for any other 

2A l = 2n. + ax 2 + 2hxy + by 2 
in the general case. The area of this conic is 

2tKA-II) 

as/ ab — h 2 

(Smith’s Conic Sections , A rt. 171) . Thus 

A X = I1 + (area of conic ) 1 

For the particular case of any closed oval the equa¬ 
tion of the conic becomes 

2 A 1 = 211 + tt(x 2 + y 2 ), 


tt 7r ' l ~ 

whence A j = 11 -r -g-* 

a-here r is the radius of the circle on which P lies for 
constant values of A v i.e. the distance of 1 from U. 

146. Position of the Point Q for Centric Oval. 

In any oval which has a centre the point U is 
plainly at that centre, for when the centre is taken as 

origin, the integrals jp cos dr df and 

both vanish when the integration is performed for the 
complete oval (opposite elements of the integration 

cancelling). 

147 E\ 1 Find the area of the pedal of a circle 
regard tn any point within the circle at a distance c from the 

centre (a lima^on). 

Here A = 


n = 7TC1 2 . 


and 

Hence 
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Li. 2. Find the area of the pedal of an ellipse with regard 
to any point at distance c from the centre. 

In this case JI is the area of the pedal with regard l*. the centre 

A 

« 2 / (a*coe 2 0 +- bhuutyjdtt — a* + 0- r 

J V 


Ileno 




hi. 3. The area of the |<ed*J of the card lord* r- Ml <xm H 
takeu with rasped to an lntamai point oi. the <n« at * di»t*n«» 
c from the (Mile is 


45.4* - 2o«- 4- fc-'i 


M »tT* Tnih». I <4 


Isrt (> ha lh« p>lt, A* Um fpvan mtaraa! p int g and 
the two perpend* ulara ()Y % and R\\ <*n an* t*n»*i t frost */ 

and /' raapacttvely ; 4> tha angla J*anj '>/’ . . than 

AT “A“ e '**• d** an* I 8-4, •* 2 .4 — 2* / p *»• e / .A>s»'4 
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For 

lienee 


t 2 qo=^oq= i 


25- <*=2# and 
*2 ^ 2 


#_7T _ 4i 

2 “ 2 3 ’ 


B0 p = rsin| = 2asm^ = 2acos 3 |. 

Hence /pcos <f>dcf> =2j 2 a cos 3 £ cos <f>d<J> 

0 T 

= 4a x3j cos 3 z cos 32 cfe 

0 

v 

= 12a 2 [4 cos 6 2 - 3 cosVJefe 

_io Hi 5 3 1 !T-3? 5 
“ 12a L 4 6 4 2 2 ' 4 2 2J 4 


Also 


c 2 cos 2 <f)d(f) = 3 .2c 2 i ^ = 


Finally 


2A = 2 [~*~4a 2 cos°pci> = 24a 2 f^ostzdz, 

i 3 o 


Thu: 


, .. ,5 3 1 7T 15t ra 2 

J = 12a 6 4 2 2 = -8- 

. 157ra 2 37rac 3-c 2 

A ' = ~8 -4 4~” 

= 3 7r(5a 2 -2ac + 2c 2 ). 

8 v 


148. Origin for Pedal of Minimum Area. 

When Q is taken as origin, it appears that 
2 a i = -211 -f j(x cos yjr + y sin \jrfd\jy. 

Hence as the term [(xcos^+2/sin^W is necessarily 
positive, it is clear that A , can never be less than IL 
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Q is therefore the origin for which the corresponding 
pedal curve has a minimum area. 


149. Pedal of an Evolute of a Closed Oval. 

The formula for the area of any closed oval proved 
in Art. 138 is 


Hence 




which plainly expresses that the area of any pedal 
of an oval curve is equal to the area of the oval itself 
together with the area of the pedal of the evolute (for 

i a the radius vector of the pedal of the evolute). 

This also admits of elementary geometrical proof. 


Ex. Find the area of the pedal of the evolute of an ellipse 
with regard to the centre. 

The above article shows that 

area of pedal of evolute = area of pedal of ellipse —area of ellipse 

=|(a 2 + b-) - nab = |(o - b)\ 
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150. Area bounded by a Curve, its Pedal, and a 
pair of Tangents. 

Let P, Q be two contiguous points on a given 
curve, Y, Y' the corresponding points of the pedal of 
any origin 0. Then since (with the usual notation) 

PY=±i£ the elementary triangle bounded by two 

contiguous tangents PY, QY' and the chord YY is to 
the first order of infinitesimals 




Hence the area of any portion bounded by the two 
curves and a pair of tangents to tl.e original curie 


may be expressed as 


and is the same as the corresponding portion of the 
area of the 'pedal of the evolute. 



151. Corresponding Points and Areas. 

Let /(:r, y)=0 be any closed curve. Its area (^i) 




“ **|*«M~f by %i*f iw ilU 4y>4J | f b (<•*.’* riw-4.,1 

tb« <r<y«k|M» uAAtAif 

I f U*» vl U» irwr* <4 ^ >.mi w * * 

• tb U»«» yf * • **•< |a*** .{ * l.v ...... 

r«'i*i^iiMi s •» m 
%k* »Ml *• ft m 
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« ** 
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W »U 


4 .* < 4>*r 


^,-j, *.f, if • -**, 
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Hence the area of the first curve 

= _1_ x area of second 


mil 


= —. 2 . [ (?-cos 2 O + ^sin 2 o)d0 

mn J \m 1 n £ / 

0 

= w» 2 +*- 2 Y 

2m?i\m 2 n 2 J 


EXAMPLES. 

1. Find the area of the loop of the curve 

ay 2 = x 1 (a-x). [I. C. S., 1882.] 

2. Find the whole area of the curve 

ahf- = a 2 . r 2 - x 4 . [I. C. S., 1881. ] 

3. Trace the curve a 2 x 2 =y 3 (2a — y\ and prove that its area is 

equal to that of the circle whose radius is a. 

1 [I. C. S., 1887 and 1890.] 

4. Trace the curve a l y 2 =x s (2a — x), and prove that its area is 
to that of the circle whose radius is a as 5 to 4. 

5. Find the whole area of the curve 


I/ 2 or + x 2 ' [Clark, etc., 1892.] 

6. By means of the integral jydx taken round the contour 

of the triangle formed by the intersecting lines 

y = a l x+b l , y = a«x+b* t y = a 3 x + b 3 , 
show that thev enclose the area 


a 2 — x 2 


(b.-b,) 2 , (bj-b,) 2 , (b 3 - b 2 ) 2 
2 (a x -a z ) 2(a 2 - aj 2(a 3 -a 2 ) 


[Sm. Prize, 1876.] 


'J 

7. Find the area between y 2 — -and its asymptote. 

a x 

8. If V' be the angle the tangent makes with the axis of x , 
show that the area of an oval curve is 

/• 

+ f y cos yjr ds or + J x sin yjs ds , 
the integration being taken all round the perimeter. 



quadrature, etc. 


17.9 


9. Find the areas of the curves 



’"-S; «(I)' + (S) 

10 . Find the areas bounded bv 




x 2 +y i = 4a 2 , x 2 +y2 = o ay, x = a . [H. C. S., 1881.] 

H. The parabola y 2 = ax cuts the hyperbola x 2 -y 2 =2a 2 at 
the points P y Q ; and the tangent at P to the hyperbola cuts the 

PT/i*^ a aga * n in Finti t,ie area tl,e curvilineal triangle 
r (Oxford, 1889.] 

1-. Find the area common to the ellipses 

x 2 -f 2 y 1 = 2c 2 , 2X 2 + y 2 = 2c 2 . [Oxford, 1888.1 

13. Find the two portions of area bounded by the straight 
line y = c, and the curves whose equations are 


a?+y*=c\ y 2 -f Ax 1 = 4c 2 . [I. C. S., 1891.] 

14. Find by integration the area lying on the same side of 
the axis of x as the positive part of the axis of y, and which 
is contained by the lines y 2 = \ax, x 2 +y 2 = 2ax, x=y + 2a. 

Express the area both when x is the independent variable 
and when y is the independent variable. [Petkuhouse, etc., 1882.] 

15. If A is the vertex, 0 the centre, and P any point on the 
hyperbola x?!a 2 - y 2 /b 2 = 1, prove that 


x = a cosh y = b sinh 

ab ab 

where S is the sectorial area AOP. [Math. Tripos, 1885.] 

16. An ellipse of small eccentricity has its perimeter equal 
to that of a circle of radius a. Show that its area is 

nearly. [a, 1883.] 

17. Find the curvilinear area enclosed between the parabola 
y 2 = 4ax and its evolute. 


18. Show that the area of the pedal of an ellipse with regard 
to its centre is one half of the area of the director circle. 

19. Prove that the area of the locus of intersections of 
tangents at right angles for the curve 

= is ^Tra 2 . [Math. Tripos, 1SSS.] 

20 . Prove that if s be the arc of the curve 

r=a sec a, 

# = tan a — a, 

where a is a variable parameter, measured from the initial 
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r = 


line to a point P on the curve ; and if A be the area bounded 
by the curve, the initial line, and the radius vector to />, then 

9A 2 = 2a^. 

21. Find the area of the closed portion of the Folium 

3a sin # cos # 

sin 3 # + cos 3 # [b 

In what ratio does the line x+y = 2a divide the area of the 
loop? [Oxford, 1889.] 

22 Find the area of the curve r = a#e M enclosed between two 
given radii vectores and two successive branches -j 

23. Find the area of the loop of the curve r = aO cos # between 

# = 0 and # = ^- [Oxford, 1890.] 

24. Show that the area of a loop of the curve r = acosn# is 


7ray 
An 


, and state the total area in the cases n odd, n even. 


25. Find the area of a loop of the curve r=a cos 3#+6 sin 3#.^ 

26 Show that the area contained between the circle r = a : and 
the curve r = acoso# is equal to three-fourths of the area of the 

circle. t° XF0BD * 1888 - ] 

27. Prove that the area of the curve 

r 2 (2c 2 cos 2 # - 2ac sin # cos #+ ahin 2 6) = <&<? 

, . [L C. S., 1879.] 

is equal to 7 rac. 1 . . 

28. Find the whole area of the curve represented by the 
equation r = a cos # + b, assuming b > a. 

29. Find the area included between the two loops of the 

curve r = «(2 cos # + J3). [Oxford. 1889.] 

30. Find the area between the curve r=a(sec # + cos #) ana 
its asymptote. 

31 Prove that the area of one loop of the peda o i 
lemniscate »«=«*«* 20 with respect to the pole is 1886 j 

32. Find the area of the loop of the curve 

( x+y Xr 2 +y 2 ) = 2 ary. [Oxford, 1890.] 

33. Prove that the area of the loop of the curve 

a *+tf> = bcury i is fa 2 . [e, 1884.] 
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34. Find the whole area contained between the curve 

. ■r L (^+r)=a 2 (!/--x 2 ) 

and its asymptotes. [Oxford, 1888.] 

35. Show that the area of the ellipse =or + b- - r 2 in- 

P~ 

eluded between the curve, the semi-major axis, and a radius 
vector r from the centre, is ^taa, b being the 

semi-axes of the ellipse. [Clare, etc., 1882.] 

36. Show that the area included between the curve 8 = ata.n\ls 

its tangent at \fr=0 and its tangent at yfs = <f>, is ’ 

ia 2 tan <f> -f a 2 tan ^ — a 2 log(sec </> + tan <f>). 

— z 


[Trinity, 1892.] 

37. Show that the area of the space between the epicvcloid 
p=AsinB\f/ and its pedal curve taken from cusp to cusp is {ttA-B. 

38. Show that the curve r=a(iV3 + cosJ^) has three loops 

whose areas are a 2 (*x-f 2v'3), rfr-W**) re¬ 
spectively. [Colleges, 1892.] 

39. Find the area of a loop of the curve 

• l ’ 4 +y l = 2 arxy. [Oxford, 1888. J 

40. Find the area of the pedal of the curve [Evol. of Ell.] 

(ar)2+(&y)! «(,**-&2)| f 

the origin being taken at x = si a- - b 2 , y = 0. [Oxford, 188S. ] 

41. Find the area included between one of the branches of 

the curve xhj 1 = a'^x 3 +y 2 ) and its asymptotes. [a, 1887.] 

42. Find the whole area of the curve 


^-fy4 = a 2(.r 2 +3/ 2 ). [a, 1887.] 

43. Find the area of a loop of the curve 

(m-ar -f n-y-f = arx 3 - b-y 2 . [St. John’s, 1887. ] 

44. Trace the shape of the following curves, and find their 
areas :— 


(i.) (.r+y-)* =axy 4 . 

(ii.) (x i + 2y 2 ) 3 = axy i . 

[Bell, etc., Scholarships, 1887.] 

45. Frove that the area of 

s+s-iG+e'- &+» 


K.I.O. 
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46. Prove that the area in the positive quadrant of the curve 

(aW + byy^nuf+ni/ 3 is [a> 1890 .] 

47. Prove that the area of the curve 

,{a& + (6 2 - a 2 ) tan- 1 

[St. John’s, 1883.] 


+ is a 2 6 3 


40. Prove that the area of the curve 

o o JO n ' / ° - 0 

a-?/** o-jr 


c 2 + 


?/ 2 , VW\(*?'r\J «¥ , \, 

,2' + ^2-jVa 2 + 6 2 / \ 6 2 + a 2 /’ 


where c is less than both a and b, is 7 r(ab-c-). [Oxford, 1890.] 

40. Prove that the area of the curve ^ - 30X 3 + a\2a ?+/)= 0 
is [Math. Tripos, 1893.] 

50. Prove that the areas of the two loops ot the curve 

r 2 — 2ar cos 6 — 8ar + 9a~ = 0 
are (3277 + 24 ^ 3 ) 32 , 

and ( 16 tt - 24«/3)a 2 . 

auu miATu Tripos. 1875.1 


[Note on Ex. 45. Locus of mid points of chords of an ellipse 
which touch a fixed circle. 

Note on Ex. 43. Locus of mid-points of chords of length 2c 

of an ellipse. Therefore area required = irab - f \c l dO. Hence 
result. But the student may use Art. 151.J * 



CHAPTER XI. 


SURFACES AND VOLUMES OF SOLIDS OF 

REVOLUTION. 

153. Volumes of Revolution about the a>axis. 

It was shown in Art. 5 that if the curve y=f(x) 
revolve about the axis of x the portion between the 
ordinates x — x x and x = x 2 is to be obtained by the 
formula 

j* 7 ry 2 .dx. 



154. About any axis. 

More generally, if the revolution be about any line 
AB, and if PN be any perpendicular drawn from a 
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point P on the curve upon the line AB and P'N' a 
contiguous perpendicular, the volume is expressed as 

Lt 2 7rPiV 2 . 

or if 0 be a given point on the line AB 

=^PN*d(OAT). 

155. Ex. 1. Find the volume formed by the revolution of the 
loop of the curve i/ 2 =x ^ — (Art. 130, Ex. 3 / about the .r-axis. 


a + x 


, f a oi f a o(l 

Here volume = / — y a.r = 7r I x-— 

'o o a 

Putting a+x = z , this becomes 


— x 


dx. 


+ x 


r2a (z - a) 2 (2a - z) 


= 7 rp( 2 4 3 -5« 2 +4 az-z^dz 


— ?r^2a 3 log z — Hah 4- 2 az- — - 
= 27ra 3 [log 2 — *]. 


Ex. 2. Find the volume of the spindle formed by the revolu- 
ion of a parabolic arc about the line joining the ^rtex to one 


tion of a parabolic 
extremity of the latus rectum. 



Let the parabola be y 

Then the axis of revolution is y 

and P* 


4 ax. 
2x, 

•Jo 
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about the rc-axis, y and y + &y the lengths of the 
ordinates of P and Q. 

Now we may take it as axiomatic that the area 
traced out by PQ in its revolution is greater than it 
would be if each point of it were at the distance 11 
from the axis, and less than if each point were at a 

distance QM from the axis. 

Then SS lies between 27 ry Ss and r(y + oy)os, and 

therefore in the limit we have 


^? = 2 Try or S = jWy 
This may be written as 

\^iy d V’ \-* y % de ' \-" y< d 

as may happen to be convenient in any particular 
example, the values of g. jg. % etc., being obtained 
from the differential calculus. 


( \-dr, etc., 
r 


157 Ex. 1. Find the surface of a belt of the paraboloid 
formed by the revolution of the curve y 2 =4or about the or-axis. 


Here 


and 


r/ r V X dx * X 


dx 
ds 


dx 


dx 

. _ ds 

surface = 27 rj 

‘■*1 

= 4 t t*J a x 4- O- dx 

+ “>;I 

= «?7ra* ((Xo + a)*-(x 1 + a) 7 }. 


Ex. 2. The curve r = a(l + cos 0) revolves about the initial 
line. Find the volume and surface of the figure formed. 

Here volume = j - n-y - dx = tt f r^in-0 d(r cos 6) 

= 7 rja 2 (l +cos dY^iorda d(cos 6 + cos 2 6 ), 
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the limits being such that the radius sweeps over the upper 
half of the curve. 

Hence volume = r-a 3 | (14-cos + 2 cos 0)sin 3 0cf0 

‘o 

= ra 3 J (1 +4 cos 04-5 cos 2 #+ 2 cos 3 #)sin 3 0<f0 
o 


= 2 7ra 3 I (1 4*5 cos 2 0)sin 2 0d0 
'o 



Fig. 42. 


The surface = 


27r Jy ds = 2irJ rsiiifl^cf# 


27t j a(l 4- cos 0)sin 6-J a 2 (l 4- cos Of 4- a 2 siu 2 0a?$ 
o 

27t ci^J* ( 14 - cos 0)sin 0 .2 cos QdO 


I 67 ra 2 J cos 4 | sin QdO 



EXAMPLES. 

1. Obtain the surface of a sphere of radius a (i.) by Cartesians, 
(ii.) by polars, taking the origin on the circumference. 
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2. A quadrant of a circle, of radius a , revolves round its chord. 
Show that the surface of the spindle generated 

= 2ira 2 «/2^1 “ 

and that its volume = " a - (10 — 3tt). 

6 n /2 

3. The part of the parabola y 1 = \ax cut off by the latus 
rectum revolves about the tangent at the vertex. Find the 
curved surface and the volume of the reel thus generated. 

Theorems of Pappus or Guldin. 

158. I. When any closed curve revolves about a 
line in its oivn plane, which does not cut the curve , 
the volume of the ring formed is equal to that of 
a cylinder whose base is the curve and whose height 
is the length of the path of the centroid of the area 

of the curve. 

Let the ic-axis be the axis of rotation. Divide the 
area (A) up into infinitesimal rectangular elements 
with sides parallel to the coordinate axes, such as 



X 


Fig. 43. 

P,PoP 3 P 4 , each of area 6A . Let the ordinate P^Vj = V- 
Let rotation take place through an infinitesimal angle 
60. Then the elementary solid formed is on base oA 
and its height to first order infinitesimals is yoO, and 
therefore to infinitesimals of the third order its volume 

is 6A . yoO. 
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If the rotation be through any finite angle a we 
obtain by summation SA . y . a. 

If this be integrated over the whole area of the 
curve we have for the volume of the solid formed 



Now the formula for the ordinate of the centroid 
of a number of masses ? n v ra 2 , with ordinates 

_ Emy 


Vv y*> •••, is y — 


'Em * 


If then we seek the value of 


the ordinate of centroid of the area of the curve, each 
element oA is to be multiplied by its ordinate and 
the sum of all such products formed, and divided by 
the sum of the elements, and we have 

- _Lt 'Ey 8 A 

y ~ Ltl&A ' 


or in the language of the Integral Calculus 


Thus 



Therefore volume formed = A(ay). 

But A is the area of the revolving figure and ay 
is the length of the path of its centroid. 

This establishes the theorem. 

Colt. If the curve perform a complete revolution, 
and form a solid ring, we have 

a = 2-rr and volume = A(27ry). 


159. II. When any closed curve revolves about a 
line in its own plane which does not cut the curve , 
the curved surface of the ring formed is equal to t/iat 
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of the cylinder whose base is the carve and whose 
height is the length of the path of the centroid of the 
perimeter of the curve. 

Let the z-axis be the axis of rotation. Divide t^e 
perimeter s up into infinitesimal elements such as r 2 
each of length 6s. Let the ordinate P X N j be called y. 
Let rotation take place through an infinitesimal angle 
60 Then the elementary area formed is ultimately a 
rectangle with sides 6s and y60, and to infinitesimals 
of the'second order its area is 6s. yoO. 



If the rotation be through any finite angle a we 

obtain by summation 6s. ya. . f 

If this be integrated over the whole P erl ™ etel ° 
the curve we have for the curved surface of the solid 

formed 


a^yds. 


If we seek the value of the ordinate (r,) of the 
centroid of the -perimeter of the curve, each element 
is is to be multiplied by its ordinate, and the sum o 
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all such products formed, and divided by the sum of 
the elements, and we have 

_ Lt E,ySs 

" = w 


or in the language of the Integral Calculus 



Thus 



and the surface formed = s(afj). 


But s is the perimeter of the revolving figure, and 
arj is the length of the path of the centroid of the 
'perimeter. 

This establishes the theorem. 

Cor. If the curve perform a complete revolution 
and form a solid ring, we have a = 2tt and 

surface = «(27 t>/). 


Ex. The volume and surface of an anchor-ring formed by 
the revolution of a circle of radius a about a line in the plane of 
the circle at distance d from the centre are respectively 

volume = tv a- X 2nd = 2ir*a 2 cf, 
su rface = 2na x 2nd = 4ir-ad. 


EXAMPLES. 

1. An ellipse revolves about the tangent at the end of the 
major axis. Find the volume of the surface formed. 

2. A square revolves about a parallel to a diagonal through 
an extremity of the other diagonal. Find the surface and 
volume formed. 

3. A scalene triangle revolves about any line in its plane 
which does not cut the triangle. Find expressions for the 
surface and volume of the solid thus formed. 
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160. Revolution of a Sectorial Area. 

When any sectorial area CAB revolves about the 
initial line we may divide the revolving area up into 
infinitesimal sectorial elements such as 01 Q, whose 
area mav be denoted to first order infinitesimals r y 
br 2 o0. Being ultimately a triangular element, its 
centroid is % of the way from 0 along its median and 
in a complete revolution the centroid travels a distance 

27 r(Jrsin 6 >) or ^rsmO. 



Thus by Guldin’s first theorem the volume traced 
by the revolution of this element is 

£r 2 od. ^Trrsind 

to first order infinitesimals, and therefore the volume 
traced by the revolution of the whole area UArf is 

^TrJ^sin 6 ( 10 . 

161. If we put 

ar = ?*cos 0 , y — r sin 0, and * = tan 0 , 
we have f^sin 0 80 = ? ,3 sin do(tan H) 

= Ain 0 ■ ffp = rW 6t St = A St, 
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and the volume may therefore be expressed as 

x 3 1 Jt. 


H- 


EXAMPLES. 

1. Find by integration the volume and surface of the right 
circular cone’ formed by the revolution of a right-angled triangle 
about a side which contains the right angle. 

2. Determine the entire volume of the ellipsoid which is 
generated bv the revolution of an ellipse around its axis major. 

[I. C. S., 1887.] 

3. Prove that the volume of the solid generated by the 
revolution of an ellipse round its minor axis, is a mean pro¬ 
portional between those generated by the revolution of the 

ellipse and of the auxiliary circle round the major axis. 

[I. C. S., 1881.] 

4. Prove that the surface of the prolate spheroid formed by 
the revolution of an ellipse of eccentricity e about its major 
axis is equal to 

2 . area of ellipse. -jVl — + -— j-. 

Prove also that of all prolate spheroids formed by the revolu¬ 
tion of an ellipse of given area, the sphere has the greatest 
surface. [I. C. S., 1891.] 

5. Find the volume of the solid produced by the revolution of 

the loop of the curve y 2 =x 2 —-- — about the axis of x. 
r y a — x 

[I. C. S., 1892.] 

6. Find the surface and volume of the reel formed by the 
revolution of the cycloid round a tangent at the vertex 

(x = ad + a sin S,\ 

\y = a(l - cos 6).) 

7. Show that the volume of the solid formed by the revolu¬ 

tion of the cissoid y 2 ('2a-x)=x 3 about its asymptote is equal 
to 27r 2 a 3 . [Trinity, 1880.] 

8. Find the volume of the solid formed by the revolution of 

the curve (a - x)y 2 —a 2 x about its asymptote. [I. C. S., 1883.] 

9. If the curve r = a-\-b cos 0 revolve about the iuitial line, 

show that the volume generated is ^7ra(a--f 6 2 ) provided a be 
greater than b. [“»1884.] 
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10 Find the volume of the solid formed by the revolution 
about the prime radius of the loop of the curve r 3 =a*6 cos 0 

between 6 = 0 and 0 = N [Oxford. 1890.] 

11 . Show that if the area lying within the cardioide 

r = 2a(l + cos 6), 

ami without the parabola <1 +cos 6) = 2a, revolves about the 
initial line, the volume generated is 187ra 3 . [Trinity, 1892.J 

12 The loop of the curve 2 ay 2 =x{x-af revolves about the 
straight line y = a. Find the volume of the solid 

13. Show that the coordinates of the centroid of the sectorial 
area of r =/( 6) bounded by the vectors 6 = a, 6 = p, has for its 

coordinates 

fP 


§ I ^r>cos 6d0 3J'Vsin 6(16 


- 

x= -? 


j^r 2 dd 




i^rue 


a ~ 

14. Show that the centroid of the cardioide r = a(l-cos0) is 
on the initial line at a distance ~ from the origin. 

15 . If the cardioide r = a(l-cos0) revolve round the line 
p = r cos(6 — y), prove that the volume generated is 

3/wV + ; V2 a 3 cos 7 . [St. John’s, 1882.] 

16. The curve r = a(l -ecos 6), where e is very sraail, revokes 
about a tangent parallel to the initial line. Prove that the 
volume of the solid thus generated is approximately 

27 rV(l+e 2 ). [I. C. S., 1892.] 

17. The lemniscate r 2 = a 2 cos20 revolves about a tangent at 
the pole. Show that the volume generated is —. 



CHAPTER XII. 


SURFACE INTEGRALS. 

SECOND-ORDER ELEMENTS OF AREA. 

MISCELLANEOUS APPLICATIONS. 

162. Use of Second Order Infinitesimals as Ele¬ 
ments of Area. 

For many purposes it is found necessary to use for 
our elements of area second order infinitesimals. 

163. Suppose, for instance, we desire to find the 
mass of the area bounded by a given curve, the z-axis, 
and a pair of ordinates, when there is a distribution 
of surface-density over the area not uniform, but 
represented at any point by <r = </>(#, y), say, where 
( x , y ) are the coordinates of the point in question. 

Let Ox, Oy be the coordinate axes, AB any arc of 
the curve whose equation is y—f{x ); {a, /(a)} and 
(6,/(6)} the coordinates of the points A , B upon it; 
A J and BK the ordinates of A and B. Let PJSf, QM 
be any contiguous ordinates of the curve, and x, x + Sx 
the abscissae of the points P and Q. Let B, U be 
contiguous points on the ordinate of P whose ordinates 
are y , y + Sy. And we shall suppose Sx, oy small 
quantities of the first order of smallness. 

Draw RS, UT, PV parallel to the z-axis. Then the 
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area of the rectangle RSTU is to .Sy, and its inass 
may be regarded (to the second order of smallness) 

aS ^henthe mass of the strip PNMV may be written 

y)oy]Sx, 

or in conformity with the notation of the Integral 
CalculuS [(*(*, y)dy] 

between the limits y = 0 and y =/(*)■ In 

this integration (with regard to y) x is to be regarded 
as constant, for we are finding the limit of the sum of 
the masses of all elements in the elementary strip PM, 

i.e. the mass of the strip PM. 


ox. 



If then we search for the mass of the area A JKB 

.«p. ..ti.. »i»v«»- * “'“i*:? 

lie between the ordinates AJ, ana v 
be written tf*,y)dy]fa, 

which may be written 


j[j^. y)dy~\ dx ’ 


the limits of the integration with regard to e being 
from x = d to x — b. 



DOUBLE INTEGRATION. 


197 


Thus mass of area 


AJKB = 



or 


n f{x) 

0 (®, y)dy dx. 

a o 


164. Notation. 


This is often written 

t> r/(*) 


n j w 

ay. 


the elements dx, dy being written in the reverse order. 
There is no uniformly accepted convention as to the 
order to be observed, but as the latter appeal's to be 
the more frequently used notation, we shall in the 
present volume adopt it and write 



when we are to consider the first integration to be made 
with regard to y and the second with regard to x, and 



when the first integration is with regard to x. That 
is to say, the right-hand element indicates the first 
integration. 


Ex. If the surface-density of a circular disc bounded by 
x 3 +y 3 = a' i be given to vary as the square of the distance from 
the ./-axis, find the mass of the disc. 

liere we have fix 3 for the mass of the element &rSy, and its 
mass is therefore /ux*&r8y, and the whole mass will be 


fjuriix dy. 


The limits for y will be y=0 to y = \^« 2 — jr 1 for the positive 
quadrant, and for x from x = 0 to x«=a. The result must then 
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be multiplied by 4, for the distribution being symmetrical in 
the four quadrants the mass of the whole is four times that of 
the first quadrant. 

ra rVa*—x* 

Thus mass = 4 / / fu^dxdy 

0 "o 

*0 



x 2 — x 2 dx. 



Putting .r = asin# and dx — acos 6 dS, we have 

mass = 4/xa 4 / sin 2 0cos 2 0</0 


_ Ul , .r(g)r(j ) =4 

^ 2l\3) ^ 2.2 4 


165. Other Uses of Double Integrals. 

The same theorem may be used for many other 
purposes, of which we give a few illustrative examples, 
which may serve to indicate to the student the held 
of investigation now open to him. But our scope in 
the present work does not admit exhaustive treatment 

of the subjects introduced. 
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Ex. Find the statical moment of a quadrant of the ellipse 


a 


b 2 


about the y-axis, the surface-density being supposed uniform. 

Here each element of area SxSy is to be multiplied by its 
surface density o- (which is by hypothesis constant in the case 
supposed) and by its distance x from the y-axis, and the sum 
of such elementary quantities is to be found over the whole 
quadrant. The limits of the integration will be from y = 0 to 


y = \ja i — x 2 for y ; and from r=0 to x = a for/. Thus we have 


= j“ — {‘xJa'-Mx 


moment 


0 0 


ab ~ _(a 2 — •r 2 ) s "l a crba- 

a _ 3 Jo 3 


166. Centroids. Cartesians. 


The formulae proved in statics for the coordinates 

of the centroid o> a number of masses m v m t , m B . 

at points (x v y x ), (x v y t ), etc., are 



We may apply these to find the coordinates of the 
centroid of a given area. (See also Arts. 158, 159.) 

For if a be the surface density at a given point, 
then <r &x &y is the mass of the element, and 


j- -» 


!(<r 6x £y\r 


l(cr6xSy)' 

or, as it may be written when the limit i* t.Jo u 
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Similarly 



the limits of integration being determined so that the 
summation will be effected for the whole area in 
question. 


Find the centroid of the elliptic quadrant of the Example in 

Art. 165. .... e *1 u 

It was proved there that the limit of the sum of the ele- 

, , . aba 2 

mentary moments about the y-axis was —-— 

r r •, , , a—ab 

Also I \adxdy = mass of the quadrant = —-— 


Hence 


_ aba 2 la-irab 4 a 
X 3/ 4 _ 37t' 


Similarly 



4 b 
3tt 


167. Moments of Inertia. 

When every element of mass is multiplied by the 
square of its'distance from a given line, the limit o 
the sum of such products is called the Moment o 

Inertia with regard to the line. . 

Such quantities are of great importance in Dynamics. 


Ex Find the moment of inertia of the portion of the para- 
bola i/ 2 = 4 a.v bounded by the axis and the latus rectum about 
the i-axis supposing the surface-density at each point to lari 
as the wth power of the abscissa. 

Here the element of mass is 

jLX n hx 8y, 

fj. being a constant, and the moment of inertia is 

Lt S/xyV&r 6y or /x fj y 2 x"dx dy, 

from 0 to 2 \'ax, and for x from 0 to a. 


where the limits for y are 



AoCBL£ ISTKORJLTIOS. 


20 i 


^ e d iu 

VI a lb. 


u | i _ % 
* 

3 L J 
% 


4 

c -Tj 

3 


x*is - ^ ) Kt‘x 
o 

I 




fx 


I- 


l«a 




• rft 


t_a ■*-1 _!• 1 in t iV) 

;Lc ’tt.ua \A lh* portion of the |anU-h is given by 


*r ■?:' *i 


-V» j I fU*tlr ify - A* I yj^ -T*^ 


• 4 




Thu* we have Mom. In. about (Ar = ^ “"-“-Fo 3 . 

3 2n+5 


TRAMP LES. 

1. In the first quadrant of the circle J^+y* — a 3 the surface 
density vanes at each point as jy. Find 

(i.) the mass of the quadrant, 

(ii.) its centre of gravity, 

(iii.) its moment of inertia about the x-axis. 

2. Work out the corresponding results for the portion of tne 
piral>ola v 2 = 4<ix bounded by the axis and the latus rectum, the 
surface-density varying as afj/*. 

3. Find the* centroid of a rod of which the line-density varies 
as the distance from one end. 

Find also the moments of inertia of this rod about each end 
and about the middle point. 

4. Find the centroid of the triangle bounded by the lines 
y=rruc, x = a, and the x-axis, when the surface-density at each 
point varies as the square of the distance from the origin. 

Also the moment of inertia about the y-axis. 


168. Polar Curve. Second-order Element. 

For polar curves it is desirable to use for our element 
of area a second-order infinitesimal of different form. 

Let OP, OQ be two contiguous radii vectores of the 
curve r=/(0); Ox the initial line. Let 0 , be 
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the angular coordinates of P and Q. Draw two cir¬ 
cular arcs RU, ST, with centre 0 and radii r and r+Sr 
respectively, and let SO and Sr be small quantities of 
the first order. Then 

area RSTU= sector OST— sector ORL 

= l(r+SrYS0-hr*S0 

— r SO Sr' to the second order, 

and to this order RSTU may therefore be considered 
a rectangle of sides Sr (RS) and rSO (arc KU). 



Thus if the surface-density at each point R(r, 6) is 
o- = 0(r, 0), the mass of the element RSTU is (to second- 
order quantities o-r SO Sr, and the mass of the sector 
is therefore 

Lt 5rmO [2<rrSr]60, 

the summation being for all elements from r = 0 to 
r=f(0), i.e. 

[prrdr]#>, 

o 

in which integration 6 is to be regarded as constant 
and taking the limit of the sum of the sectors tor 
infinitesimal values of 36 between any specified radn 
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vectores 0A(6 = a) and 0B(6 = fi) we get the mass of 
the sectorial area OAB 



a 0 

or as we have agreed to write it (Art. 164), 

m 

err d6 dr. 

a o 

Ex. Find the mass of a circle for which the surface-density 
at each point varies as the distance of that point from a point 
0 on the circumference. 

Taking 0 as the origin, and the diameter through 0 as the 
initial line, and a as the radius, the equation of the curve is 

r = 2a cos 6. 

Then we have density at R (r, 6) is /xr, and mass of element 
RSTU is /xr(r 86 Sr). 



Fig. 49. 



The mass of the sector is therefore 

Lt 5r _ o 'S(pr i Sr)S0 or 

the integration with regard to r being between limits 

0R = 0 and 0R = OP=2a cos 6. 

And if these sectors be summed for the whole circle, we 
have 
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or (Art. 164) 


rH r2a cos 9 

= 2 j I in^dOdr 


0 0 


0 0 

169. Centroid. Polars. 

The distance of the centroid of a sectorial area from 
any line may be found as before by finding the sum 
of the moments of the elementary masses about that 
line and dividing bv the sum of the masses. 

Thus err 60 Sr being the element of mass and rcosfl 
its abscissa, its moment about the y-axis is 

r cos 0 . err 60 or. 


Thus 


JjV cos 0. 


err dO dr 


a-rdOdr 


and similarly y = 


JjV sin d . err dO dr 


I 


err dO dr 


Ex. 1. Find the centroid of the upper half of the circle in 

the example of Art. 168. . . , 

We established the result for that senn-circle that 

J j err dO dr = tfpa*. 

Also between the limits r = 0 and r = 2acos 6 for r, and 6 = 0 to 
0 = 2 for °' 


j j"r cos 6<rr d6 dr = j /icos0^-j 


jA-yia cob 0 


dd 


= 4/jUZ 4 J *cos 5 6d6 = 4/xa*l ? = 
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and j I r sin Oar dt) dr = I fi sin J 




Hence 


= 4/ui 4 | sin# cos *9d0 

H""* /^ 3 = |2. J 


Ex. 2. Find the centroid of the area bounded by the 
cardioide r=a(l+cos#), the surface-density being uniform. 



Fig. 60. 


The centroid is evidently on the initial line. To find its 
abscissa we have 


Jl 


r cos 6 . rdOdr 


j jrdddr 

the limits for r being from r=0 to r=a(l + cos #), and for 6 
from 0 to 7 r (and double, to take in the lower half). 

fr [“-J - ]a(l+co» (h 

The numerator =2 I cos 6 dd 


|a 3 f (cos 0 + 3 cos 2 #+3cos 3 # + cos 4 #)cf0 

•j J 
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T 

= - a 3 I (3 cos-0 + cos *0)d0 

'o 

4 3 / a 1 7T 3 1 ir\ 

= 3°A 3 -2' 2+4' 2‘ 2j 


=^ 3 -? . *-S«A 

3 4 4 4 

rw f- r 2-|“(l+ co# 


The denominator = 2 j 

A 


do 


= a*J r (l+2cos0 + cos 2 0 )d 0 
J o 

T 

= 2 a 2 j (1+cos 2 9)d6 

= 2 4 ( 1 + D=H 


Hence 


_ 5 / 3 •> 

x = -~a 3 -7ra- =-a. 


Ex 3. In a circle the surface-density vanes as the nth power 
of the distance from a point 0 on the circumference. I mrt the 
moment of inertia of the area about an axis through 0 perpen¬ 
dicular to the plane of the circle • ;.:.i ii„. the 

Here taking 0 for origin and the diameter for initial line, the 
bounding curve is r = 2a cos 8, a being the radius. The density 

= fir". 

Hence the mass of the element r 88 Sr is /*?*' S JL Sr ’ and lts 
moment of inertia about the specified axis is pr -SO 81 . 

Hence the moment of inertia of the disc is 

I f/ir n+a d0 dr 


where the limits for r are 0 to 2a cos 6 , and for 8 , 0 to | (and 
double). 

_ f 7 (2a cos 0) n+i 1 a 
Thus Mom. Inertia = 2 J ^ 

0 .5 

__£fi_(2 a) n+4 I cos n+4 0d0 
n + 4 J Q 

- 2/x (2aY^^- Ccos n + 2 0dQ. 

’ n + 4 1 
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lk« u,a« ol ihc tiu: U 

\ 

if *2/ I 

• * 

4 4 

°U . 

-_=£Ua<«r* ! 

0 

Hr nos Mom. IurrtLa « 4^-- + ~ "^-?^ifj s . 

(• + 4)* 


EXAMPLES. 

1 . Find ihe ttotroid of the sector of a circle 

(a) when the surface-density is uniform, 

(jtf) when the surface-density varies as the distance from 
the centre. 

± Find the centroid of a circle whose surface-density varies 
*■* the nth power of the distance from a point 0 on the circum¬ 
ference. 

Also its moments of inertia 

(1) about the tangent at 0 , 

(2) about the diameter through 0. 

3. Show that the moment of inertia of the triangle of uniform 
surface-*lensitv bounded by the y-axis and the lines y = 7n,.r-f c lt 
y = »»jX + e t , about the y-axis, is 

' *( ^)\ 

6 \m l — m 2 / 

where M is the mass of the triangle. 

4. Find the moments of inertia of the triangle of uniform 
surf ace-density bounded by the lines 


y=m I x+c 1 , y = ttux + c* y = m 3 x + c 3 , 
about the coordinate axes ; and show that if J/be the mass of 

the triangle, they are the same as those of equal masses ^ 
placed at the mid-points of the sides. 3 

5. Show tliat the moments of inertia of a uniform ellipse 

_J yl 

bounded by —+ 5L. = 1 about the major and minor axes are 

a* b 1 

respectively and , and about a line through the centre 

4 4 2 i L 2 

and perpendicular to its plane, i/--, Jf being the mass 

of the ellipse. 4 
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6 . Find the area between the circles r — a, r=2acos 0; and 
assuming a surface-density varying inversely as the distance 
from the pole, find 

(1) the centroid, 

^2) the moment of inertia about a line through the pole 
perpendicular to the plane. 

7. Find for the area included between the curves 

y- = 4 ax, ] 

^=4 ay,) 

(1) the coordinates of its centroid (assuming a uniform 

surface-density), 

(2) the moment of inertia about the r-axis, 

(3) the volume formed when this area revolves about the 

x-axis. 

8 . Find the moment of inertia of the lemniscate r 3 =a 2 eos 20 
about a line through the pole perpendicular to its plane 

( 1 ) for a uniform surface-density, 

(2) for a surface-density varying as the square of the 

distance from the pole. 

9. Find 

(1) the coordinates of the centroid of the area of the cycloid 

x=a(d + sin0), y = a( l-cos0); 

(2) the volume formed by its revolution 

(a) about the base (// = 2a), 

(b) about the axis (x =0), 

(c) about the tangent at the vertex. 


ELEMENTARY DIFFERENTIAL 

EQUATIONS. 



CHAPTER XIII. 

DIFFERENTIAL EQUATIONS OF THE FIRST 

ORDER. 

VARIABLES SEPARABLE. LINEAR EQUATIONS. 

170. It is proposed to add a brief account of the 
common methods of solution of the more ordinary 
forms of differential equations leading up to such 
as are required by the student in his reading of 
Analytical Statics, Dynamics of a Particle, and the 
elementary portions of Rigid Dynamics. 

We shall not enter at all upon the solution of 
differential equations involving partial differential 
coefficients. 

171. Genesis of a Differential Equation. 

Let us examine for a moment how the “ ordinary ” 
differential equation is formed, and what kind of 
result we are to expect as its “ solution.” 

Any equation, such as 

f(x, 2 /, a) = 0,.(1) 

in which the form of the function is known, is repre¬ 
sentative of a certain family of curves, for each indi¬ 
vidual of which the constant a receives a particular 
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and definite value, the same for the same curve but 
different for different curves of the family. 

Problems frequently occur in which it is necessary 
to treat the whole family of curves together, as, for 
instance, in finding another family of curves, each 
member of which intersects each member of the former 
set at a given angle, say a right angle. And it will be 
manifest that for such operations, the particularizing 
letter a ought not to appear as a constant in the 
functions to be operated upon, or we should be treat¬ 
ing one individual curve of the system instead of the 
whole family collectively. 

Now a may be got rid of thus:— 

Solve for a ; we then put the equation into the form 

y ) =a >.( 2 ) 

and upon differentiation with regard to x, a goes out, 
and an equation involving x, y and y v replaces 
equation (1). 

This is then the differential equation to the family 
of curves, of which equation (1) is the typical equation 
of a member. 

In the formation of the differential equation it may 
be impracticable to solve for the constant. In this 
case we differentiate the equation 

f(x,y,a) = 0 . 


with respect to x and obtain 


iv. = o 

'dx~ T dy dx 



and then eliminate a between equations (1) and (3), 
thus obtaining a relation between x, y, and y v which 
is true for the whole family. 


For example, consider the family of straight lines obtained by 
giving special values to the arbitrary constant in the equation 

y=vix. 
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Solving for m. 



ami differentiating, 'V'\ _-^ = 0 

or 

or _ y=xy i. 

Otherwise, without first solving for m, we have 


and therefore 


V\ = 
y=*7/v 


This then is the differential equation of all straight lines 
passing through the origin, and expresses the obvious geometri- 
e.al fact that the direction of the straight line is the same as that 
of the vector from the origin at all points of the same line. 


172. Again, suppose the representative equation of 
the family of curves to be 

f(x,y } ci,b) = 0,.(1) 

containing two arbitrary constants a, b whose values 
particularize the several members of the family. A 
single differentiation with regard to x will result in 
a relation connecting x , y , y v a, b ; say 

2 /> Vv a > l>) = 0 .( 2 ) 

If we differentiate again with regard to x we shall 
obtain a relation connecting x, y,y lt yo,a y b; say 

VK®* 2/> Vv 2/2>«>&) = 0>.(3) 

and from these three equations a and b may theoreti¬ 
cally be eliminated (if they have not already dis¬ 
appeared by the process of differentiation), and there 
will result a relation connecting x , y , y v y„ ; say 

F (x> V> Vv 2 / 2 ) = °> 

the differential equation of the family. 


173. Order of an Equation. 

W o define the order of a differential equation to be 
the order of the highest differential coefficient occurrim*- 
in it; and we have seen that if an equation between 
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two unknowns contains one arbitrary constant the 
result of eliminating that constant is a differential 
equation of the first order; and if it contain two 
arbitrary constants the result is a differential equation 
of the second order. And our argument is general: 
so that to eliminate n arbitrary constants we shall 
have to proceed to n differentiations, and the result is 
a differential equation connecting x, y, y v ... ,y n , and 
is therefore of the nth order. 

Ex. 1. Eliminate a and c from the equation x 2 +y 2 =2ax+c. 

Differentiating, x + iry x = a. 

Differentiating again, 1 +y 1 2 +yy 2 ==( - ) ’ 
and the constants having disappeared we have obtained as their 
eliminant a differential equation of the second order (y 2 being 
the highest differential coefficient involved), which belongs to all 
circles whose centres lie on the .r-axis. 

Ex. 2. Form the differential equation of all central conics 
whose axes coincide with the axes of coordinates. # 

Here the typical equation of a member of this family of 

conics is 

Ax 2 + By 2 = l, 

and we have Ax 4- Byy ^—0 

and A + BQf 2 +^ 2 ) = 

whence xQ/i' + Wi) ~ ~ ® 

is the differential equation sought. 

174. Elimination an irreversible process. 

Now this process of elimination is not in general a 
reversible process , and when we wish to discover the 
typical equation of a member of a family of cuives 
when the differential equation is given, we are com¬ 
pelled to fall back, as in the case of integration, upon 
a set of standard cases, and many equations may arise 

which are not solvable at all. 

We may infer, however, that in attempting to solve 
a differential equation of the Tith order we are to 
search for an algebraical relation between x, y, and n 
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arbitrary Constanta, such that when these constants 
are eliminated the given differential equation will 
rt‘sult. Such a solution is regarded as the most 
general solution obtainable. 


Differential Equations of the First Order. 

175. There are five standard forms. 

Case I. Variables Separable. 

All equations in which it is possible to get dx and 
all the x’s to one side, and dy and all the y 's to the 

other, come under this head, and solve immediately 
by integration. 


Ex. 1. Thus if 


sec y = sec x^, 

dx 


we have cos x <£r = cos y dy, 

and integrating, sinx = 8iny + A, 

a relation containing one arbitrary constant A. 


Ex. 2. If 


we have 


j2+1 - xy d y 

y+ 1 **dx ’ 

( :r + ~) dx =(y 2 +y) d !/, 


and therefore 
containing one arbitrary constant A. 


^ + logx=^+|"+J, 


EXAMPLES. 

Solve the following differential equations :— 

1. x cos *y dx —y cos 2 x dy. 

2 . fy- ^+x+l 

dx y 2 +y+1* 

4. Show that every member of the family of curves in Ex. 3 

rht 




cuts every member of the set in Ex. 2 at right angles. 


5 - ^s=r^ (1+x+ ^- 


6. ty= e *-*+x s e-*. 
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7. Show that all curves for which the square of the normal is 
equal to the square of the radius vector are either circles or 
rectangular hyperbolae. 

8. Show that a curve for which the tangent at each point 
makes a constant angle (a) with the radius vector can belong to 

no other class than r= Ae dcota . 

9. Find the equations of the curves for which 

(1) the Cartesian subtangent is constant, 

(2) the Cartesian subnormal is constant, 

(3) the Polar subtangent is constant, 

(4) the Polar subnormal is constant. 

10. Find the Cartesian equation of the curve for which the 
tangent is of constant length. 


176. Case II. Linear Equations. 

[Def. An equation of the form 

y n + Py n _ i + Qi/n -2 + • • • + K V = ^ 

•when P, Q,K , R are functions of x or constants is 
said to be linear. Its peculiarity lies in the fact that 
no differential coefficient occurs raised to a power 
higher than the first.] 

As we are now discussing equations of the first 
order, we are limited for the present to the case 

2/i +Py = Q- 

If this be multiplied throughout by </' ^ it will be 
seen that we may write it 


d , /PJzv n fPdx 

)=<y • 

Thus y J riz =^Qe/ rdz dx+A, 

a relation between x and y satisfying the given 
differential equation, and containing an arbitrary 
constant. It is therefore the solution required. 


The factor e^ Fdx which rendered the left-hand mem¬ 
ber of the equation a perfect ^differential coefficient is 
called an “ integrating factor.” 
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Kx. 1. Integrate y x + xy = x. 

fx'Lt ** 

Here e or t- ia an integrating factor, and the equation 
may L»e written 

» »» e 


dx 


or 


** M* 

= e* +A, 


i*. 


S- 1+ de 


Kx. 2. Integrate \ ^ — 

dj r' 


Here tlie integrating f*< t*»i m < * 
may he written 


A^ 


***' - /, and the equation 


and 


•*y » ♦ A, 

4 


01 


J A 


¥ - ♦ 
4 


177. Equations reducible to linear form 

Many equal wm*. if m»t iiuuMidiat * i > , d th* Im»ar 
form 

</y „ 

i 1 1<iin • I.*«. !\ i. <i«*« .*,| i.. it I v t l«aag^i 4 Um 

* anahha 

* bo* ttf the tn< «tt inapurtaiit it ih*t ,4 tW 


equal a 41 

SL r ^ # » 

or 

• / v 

»*J;+h ■“ 

Hutting 

»* * 

*• h*«« 

» *» 


-V 

• 9 . 


4s 
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or 


dz 

dx 


-\-(\—n)Pz=Q(l—n), 


which is linear, and its solution is 


i.c. 


(1 -n\fPdx 


1 - ft (\-n)fPdx 

y e 


= (1—tz)|Qc (1 n ^ Pdx dx+A' 
= (1 —n)j*Qc (1 n) -' P d c dx+A 


Ex. 1. 
Here 


Integrate ^ ^ = y 2 . 

dx x 


V 


-«&+*-=! . 


dx x 


or putting 


i 

y 

dz z _, 

dx x ' 

and the integrating factor being 



P-dx l 

z = e -U**-± 

X 


e J 

we have 

*( 

O—i, 


dx\ 

x) X 

i.e. 


-=logi + yl 1 

X X 

i.c. 


- = Ax — x log x. 

a « 


y 


Ex. 2. Integrate the equation sin 2i/=x 3 cos*y. 


Dividing by cos 2 y we liave 

dy 


sech/-A^ 4- 2x tan y = x 3 . 
dx 


Putting 
we have 


tan y = z, 

^ + 2 xz=x 3 y 
dx 


and the integrating factor is ^ 2ldx or <?**, giving 

ze**= J Fe^dx + A. 
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Let ^ = u>t 

then 2 xdx=dw, 

so t^t | *V<£r = $j a,e”d<o 

= h”(w-l). 

Thus tany.e* , =|e**(x 2 -l)+yl 

is the solution of the given equation. 

It. will be obvious that for examples of this kind 

considerable ingenuity may be called into play in 

order to effect the reduction to the linear (or other 
known) form. 


EXAMPLES. 


Integrate the equations 

1. = 

2 ’ ^ + = bx- 

•% dr r 

3 ' dd + 6 =a ^ 


A dx x o 
4 - 3-+-=y“ 

d u y 


5. (i+y 2 ) + (^- e - Un - , >)$' = o. 

dx 

6 . ( 


e~ w * y W-g-, 


sjxldy 


7. Show that no greater generality is obtained in the solution 
ot Art. 176 by adding a constant to the index in obtaining the 

integrating factor e^‘ **. 

8. Find the curves for which the Cartesian subnormal varies 
as the square of the radius vector. 

Integrate the equations 

9- £+*-< io. d J/+y = r 4* 


dx x X s 


dx^x~x n 


-d^ + xy=xy n . 


!-• ^ +itanysa^tanysiny. [Put y = sin _1 c.] 


13 ’ ^+jl°g*=J ! (log«) s . 

14. ^ + x = xd n ~ 1)l . 
dx 


[Put z = e*.] 
[Put z = logy.] 


15. Find the curves for which the sum of the reciprocals of 
the radius vector and the polar aubtangent is constant. 



220 


DIFFERENTIAL EQUATIONS. 


16. Find the polar equation of the family of curves for which 
the sum of the radius vector and the polar subnormal varies as 
the nth power of the radius vector. 

17. Show that the curves for which the radius of curvature 
varies as the square of the perpendicular upon the normal 

belong to the class whose pedal equation is r 2 -p- = t + <rp + ^ C ^ P} 
k being a given constant and A arbitrary. 


18. Integrate the equations 

« t + \<* 


( 3 ) = ( 1+X)rtecy. 

dx 1 + x 



< *}L + a = e - v sin bx. 
dx 


( } c Tx fQ/Y ( } f\y) 



CHAPTER XIV. 


EQUATIONS OF THE FIRST ORDER- Continued. 

HOMOGENEOUS EQUATIONS. ONE LETTER ABSENT. 

CLAIRAUT’S FORM. 


178. Case III Homogeneous Equations. 

Equations homogeneous in x and y may be written 

*-/(*• SH- 

(a) In this case we solve if possible for and 

(I it 

obtain a result of the form 


Putting 
we obtain 


or 


=Jy\ 

dx r \xJ 
y=vx, 

v + x dx = 4>( v ), 
civ dx 


<p(v) — v X ’ 

and the variables are separated and the solution thus 
comes under Case I., giving as result 

_ f ^ v 

~ J - v 


lo<; Ax 

n 



222 


DIFFERENTIAL EQUATIONS. 


(/,) But if it be inconvenient or impracticable to 

solve for we solve for and write p for and 

ax x (lx 


we have 
Differentiating 


y=x<p(p ). 

with respect to x, 

p=<p(j>)+ x 4‘Xli) <1 £. 



dx _ </>'( p)dp 
° r ~x~p- <p(pj' 

Integrating this equation we have x expressed as a 
function of p and an arbitrary constant 

Ax = F(p) (say).(-) 

Eliminating p between equations (1) and (2) we 
obtain the solution required. 


K&. 1. Solve (* 2 +y 2 /^=*y. 


Here 

and putting 


or 


or 


or 


dy_ xy . 

dx x*+y 2 '^ 

y = vx, 

dv . v 

X— +v=r-;-x* v» 

dx 1 + V- 

dv _ v* . 

dx 1 + v 

x Vr 3 vJ 

l 0 g-'i- r = 2^2~^°o 
2* 

Ay = er*. 


J 


Ex. 2. Suppose the equation to be 

HH2)', 

V 


1 . 3 . 


y = x{p+p 2 ). 
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Then 


or 

giving 


P=(P + 2 P^ 


1 


log Jx + 2 log »-- = 0, 

P 


i 

ue. Arp i = e*\ 

and the />-eliminant between 



p'+p=l 

i 

and Axp- = e v 

is the solution sought. 

This eliminant is 



But when it is algebraically impossible to perform the 
elimination of ®, or when, if performed, the result will be 
manifestly unwieldy, it is customary to leave the two equations 
containing p unaltered, and to regard them as simultaneous 
equations whose jo-eliminant if found would be the required 
solution. 


EXAMPLES. 


Solve the differential equations 

1 d V- x 

dx x+y 


2. (3a + 4y) = (5a* + 6y)^. 





6 . 




/ 


Then 
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\y 

179. A Special Case. 

The equation C -¥ — is readily reduced to 

cLx cl x -p o y “p c 

the homogeneous form thus :— 

Put x — g+h, 

y=t] + k. 

drj (i £-\- hr] + (a h 4- bk + c) 

ci £ -f- b'tj -f- (a'h + b'k + c ) 

Now choose h, k so that 

ah -f- bk + c = 0, 

ah + b'k + c = 0 

,, f h _ k _ _1_ 

te - so thafc bT-b'c~ca'-ca~ ah'-ah 

dt] a£-\-bi] 

~d$~a'£+Ui 

This equation being homogeneous we may now 
put )] = v£, and the variables are separable as before 

shown. 


Then 


180. There is one case, however, in which h, k 
cannot be chosen as above, viz., when 

a _ b c 

> 7 / " 7 * 

a u c 

/ 

Now let — =m and ax-\-by = t]. 

a 


Then 

dy_\(clt]_ \ 
dx~ b\dx r 

so that 

dt] ; t]-\~c 

•—a=b „ 

dx mtj + c 


dt] (am + b)t] + ac + bc 

or 

dx m tj + c 

and 

mrj+c , 

X (am + b)tj+ac'+be 
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The variables being now separated, the integration 
may be at once performed. 

181. One other case is worthy of notice, viz., 

dy _ ax A- by -f c 
dx — bx + b'y + c n 

when the coefficient of y in the numerator is equal to 
that of x in the denominator with the opposite sign. 
For then we may write the equation thus 

{ax -f c)dx + b(y dx+x dy) = {b'y -f- c)dy 

an “ exact ” differential equation ; the integral being 

ax 2 + 2c.r + 2 bxy = b'y 2 4- -c'y -f A , 

A being the arbitrary constant. 


Ex. 1. Integrate __ + fo/ ^ 

° dx x+y-3 

Put x=£+k, y = ?/ + £, so that 

di]_ 2f + 3 ?? + (2 h + 3k-8) 

d£ { + t? + (A +1* — 3) 

Choose h and lc so that 

2A + 3I- — 8 = 0,\ . h = l k=2 
1-3 = 0,) 


h + 


then 


Now put i) = vt> then 


dr] _2£ + 3 7 ? 
di £ + 7? 


dt; 


v+ 

«£ 1 + v 

_^dv_ 2 +- 3t> v- — 2v- 2 

*d£ V l+v~ v+1 


v+1 


dv 


£ v—T|- —3 

= r , 1 ( _ 1 _ 1 _n 

L(y- l) a - 3 + *J3\ i» — 1 — N /3 e-l+ % '3/J ' 
••• ->OB« = ilogK«-l)»-3} + 43lo g ;-5W» + ^ 


£ = x- 1 and v = -—?. 

JC ““ 1 


where 
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Ex. 2. Integrate = 


(hi x+y 


dx x+y — 1 


Let x+y = T], then 



dx T] 1 T) — 1 ’ 

and 

* 2 V -1 dT > 1 } 2 V -l1 dv ’ 


log(27;- 1)4-^, 

where 

tj=x 4-y. 


EXAMPLES. 


Integrate the equations : 
L dy _ 2.r 4- 3 y 
dx 3x+ 2y 

2 . dy_x + 2y -3 
dx 2.r 4- y - 3 

rfy_ 2.r4-.y-2 
' rfx 3x + y-3* 


^ rfy _ a x + by —a 
dx~~ bx + ay- b 

5> rfy = x4- y4- l 
rfx x4-y- 1 
rfy_ x4-.y + l 
rfr 2x4-2y4-l* 


* •* 


7. (2x 4- 3y — 5)^ 4 - 3x 4- 2y — 5 = 0. 

8 (2x4-3y-5)^4-2x4-3^-l=0. 

9. Show that a particle x , y which moves so that 

^ = ax4-%+y, 

at 

will always lie upon a conic section. 

10. Show that solutions of the general homogeneous equa¬ 
tion must always represent families of similar 

J \x dx) 
curves. 

11. Show that solutions of f{t, are homogeneous in *, 

v and some power of a single constant, and conversely that if 
the tvpical equation of a member of a family of curves be homo¬ 
geneous in x, y and some power of one constant, the differential 


ONE LETTER ABSENT. 




UAtioii oi ih<* faimilv i« htinu)fenevus and the family consists 
iimiUr cun-trt. 

12. State which of the following families of curves arc similar 


sets : 


(l) jr-4oix. 
(.2) y “ (i cosh 

li 



for different values of a and 6. 


(4) y = 2*i 3 log 

a* 

(5) f> tan ~ = a+y. 

(6) a J +y 3 = 3axy. 


182. Case IV. One letter absent, 
x absent. 

A. Suppose x absent from the differential equation, 
which then takes the form 


X* £) - »■ 


<’y 


we now solve for or y, as may be most convenient. 

(L) If we solve for we throw the equation into 
the form 


Then 

and the integral is 


dy 


dx = 


4>W 


X 


= ( $l+a. 


(ii.) If this be inconvenient or impossible we may 
solve for y and obtain y — , where p stands as 

before for 

ax 
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Differentiate with regard to x , i.e. ike absent letter. 


The 


p = ^p )d £ 


Thus 


and dx = dp. 

P 

Thus x = ^ *— & dp + A. 

After the integration is performed we eliminate p 
between this equation and y = (f>(j?) and the solution 
of the given equation is obtained. 


= r€ 


183 y absent. 

B. Suppose y absent from the differential equation 
which then takes the form 

d i 2)=°- 

Since ^ = -j- this may be written 

(l Us (IX 

dy 

+{*■ 

and therefore if y be regarded as the independent 
variable the foregoing remarks apply to this case also. 
Thus 

d x 

(i.) if convenient we solve for , and obtain a 
result of the form ^ 

dx , x 
dy = 

then dy= W)' 

and the integral is 

»-js> +a 


ONE LETTER ABSENT . 
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(ii.) But if this solution for ^ be inconvenient or 

ay 

impossible we solve for x and obtain a result of the 
form x = <p(q) where q stands for ~ Then differen¬ 
tiating with regard to y , the absent letter , 

1 - 

Thus dy = 


and 


y=\~‘ )d <i+ A - 


After the integration we eliminate q between this 
equation and x = <p(q), and the solution of the given 
equation is obtained. 

The student should note that in either case, x absent 

or y absent, we solve for by preference if possible. 

But when this is impossible or inconvenient we solve 
for the remaining letter and differentiate with regard 
to the absent one ; thus considering the absent letter 
m either case as the independent variable. 

Ex. 1. Integrate the equation l+x 2 =0. 


Here 




and 

is the solution. 
Ex. 2. Solve 


y = 'E + \ogx + A 


-g., + (*V. 


Then 


dxj 


x=q + 
dx 




where 
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or 


Then differentiating with regard to the absent letter y, 

dy _ 1 1 


dq q q 3 ' 


and 


1 


l/ = logq+A-+A, 

and the ^-elirainant between this equation and the original 
equation x=q + - is the solution required. 


EXAMPLES. 


Solve the equations : 

, dr/ 1 

1. -j~—y 

dx y 

2 . f = x + l 

ax x 

3. Ja + x ^ 4- x = 0. 

dx 

4. (2 ax + x 2 )^i = a 2 + 2 ax. 

dx 


5. {2ay+y-) < jt = a‘ 1 + i>ay. 

ax 

6 -* =3in (s)-S C0S (s) 


7 


■>-<%)'+*(%)'■ 

a x(QY~a+0Z'. 

\dxJ dx 


184. Case V. Clairaut’s Form, V =x< ^+f(^fe)- 


Writing p for we have 

y=px+f(p) . 

Differentiating with regard to x, 

p=r + 4r x +f ( p) % 


( 1 ) 


or 


\x 


+/(r»£=°, 


( 2 ) 


whence either ^=0 or x+f\p) = 0. 




ow = 0 gives p — C a constant. 
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Tims y = Cx +/( C ) is a solution of the given differ¬ 
ential equation containing an arbitrary constant C. 

Again, if p be found as a function of x from the 
equation 

*+/(?) = 0,.(3) 

equation (2) will still be satisfied, and if this value of 
p be substituted in equation (1), or which is the same 
thing, if p be eliminated between equations (1) and (3) 
we shall obtain a relation between y and x which also 
satisfies the differential equation 
Now to eliminate p between 

y =px +/ ( p ) 1 

0= x+f(p)f 

is the same as to eliminate C between 

y = Cx+f(C)\ 

0= x+f\C)f 

'i.e. the same as the process of finding the envelope of 
the line y = Cx+j{C) for different vtdues of C. 

There are therefore two classes of solutions, viz.: 

(1) The linear solution, called the “complete primi¬ 

tive,” containing an arbitrary constant. 

(2) The envelope or “ singular solution ” containing 

no arbitrary constant and not derivable from 
the complete primitive by putting any 
particular numerical value for the constant 
in that solution. 

The geometrical relation between these two solu¬ 
tions is that of a family of lines and their envelope. 

It is beyond the scope of this book to discuss fully 
the theory of singular solutions, and the student is 
referred to larger treatises for further information 
upon the subject. 
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Ex. Solve y=px+~. 

V 

By Clairaut’s rule the complete primitive is 

a 

y = mx 4- —, 
m 

and the envelope or singular solution is the result of eliminating 
in between the above equation and 


0=x — 


a 



i.e. y- = 4ax. 

The student will at once recognize in the singular solution 
if-=-\ax the equation to a parabola, and in the complete primi¬ 
tive y = mx + — the well known equation of a tangent to the 

m 

parabola. 


EXAMPLES. 


Write down the complete primitive, and find the envelope 
solution in each of the following cases :— 


1. y=px+p\ 

2. y=px + p\ 

3. y=px+p n . 


4. y=px+Ja i p 2 +b i . 

5. y = (x-ci)p-p 2 . 

6. (y-p.r){p-\)=p. 


185. The equation 

y = *<p(p)+ x Hp)< .W 

may be solved by differentiating with regard to x, 
and then considering p as the independent variable. 
For differentiating, we have 

V = <t>(v) + x 4>(P$fc. + affix’ 


whence 


dx <t>\y) _ yfr'(p) 
dp<p(p)-p 


which is linear, the solution being 


f Mpyi p r ,,, v (<PXp)dp 

xe J<Pir)-r = _ ffff —eJ <M ~ p dp -f A .(2) 

J <p(p) -p 
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If now p be eliminated between equations (1) and 
(2\ the complete primitive of the original equation 
will result, & 1 


Ex. Solve 
have 


y = 2 px+p- . 

P = 2 P + »s d £ + 2/£, 


0 ) 


or 


ue. 


3 P ' p ~' r)= ~‘ 2p1 ’ 


g iv *ag p 2 x= -ip 3 -a .(2) 

The ^-eliminant from these two equations may now be found 
by solving equation (1) for /?, and substituting in equation (2). 
But if it be an object to present the result in rational form, we 
niay proceed thus :— 

By equation (2) 2 p 3 + 3 p-x + 3 A = 0, \ 

from (1) p 3 + 2p 2 x — py = 0.J 

Hence jP x _ 2 py - 3,4 = 0. 

And by cross-multiplication between this equation and 

p 2 + 2px—y = 0, 


_ p- __ p_ _ 1 

2y l + 6 Ax xy - 3 A 2x- -f- 2 y 
giving as the eliminant 

4 (y 2 +3 AxXx 2 +;/) = (xy - 3 A) 2 . 


186. The algebraic process of eliminating p being 
in many cases difficult or impossible, the equations (1) 
and (2) are often regarded as simultaneous equations 
whose ^-eliminant is the solution in question but the 
actual elimination not performed. 


Solve the 
1 . 
2 . 
a 

4. 


equations: 
y=p 2 x+p. 
y = axp + p 2 . 
y = p 2 x + p 3 . 

y=(p+p 2 )x+-. 


PLES. 


5. y = (p4-y n )x+- i L 1 . 

6. y = 2px+p n . 

7. y=apx + bp\ 
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Then y x = zj(x) -f zf'(x) ; 

y -2 = zj(x) + 2 zj'(x) + zf"(x). 

Thus on substitution we get 

zj(x )+2 zJ'Cx) + zf\x) 

+ PzJ(x)+Pzf'{x) 

+ Qzftx) = R 

But f\x) + Pf'{x) 4- Qf{x) = 0 by hypothesis. Hence 


Zo+i 


’-JM+pL _ A 


an equation which is linear for z v 
The integrating factor is 

fto \ dx 


J '! F+ *W) * 


or 


fPdx 


and the first integral is 


*i {/(®) } 2 e /FJx = JiJ {/(x)} J P dx dx + A, 

whence the second integral may be at once obtained 
and the solution effected. 


ve -4- F— xry = Fe 4 . 


Ex. Solve —±L + x>--?.-xy 

dx- ax 


Here y=x 

makes — Fy = 0. 

ax- dx 

Put 

y = xz ; 

then 

7j l =xz l +z, 
y 2 = xz 2 + 2 z v 

Hence 

xzo + 2 z l + FH < xz 1 4 -z)- F{xz)=Fe 

or 

h+(~.+°?)h=^ 1 ; 



. f(=-**Y* 

and the integrating factor is e' 


X« 

or Fe 4 . 


SECOXD ORDER AtyT.l TIOXS, 


Thu* 

tu 

and 

« 4 ^ 

= 5 +-«, 

u. 

_■? i _i* 

r, = ^V * + *%• *. 

X* 

-•* r 1 

- = - h' 4 + A - ? *iL r+ /?, 

whence 



Mid the s-oluti- 

>n required is 

_ _«? ,*i _* 4 

y = - - e 4 4- d x / A e * <Zr -f Ztr 
5 Jr 


189. Case II. One letter absent. 

A. If x be absent, let y l =p, 

and the equation (p(y , y v y*) = 0 

takes the form <p(y , jt, P~J~) = 0, 

and is of the first order. 

B. If y be the letter absent, let y Y =p, 

then y, = % 

and (f>(x , y v y 2 ) becomes 

*(*•* 8)=°- 

and again is of the first order. 

Ex. 1. Solve the equation yy*+yi 2 = 2y 2 . 

Here x is absent. So putting y x =p and y 2 

yp%+p i= ^ ° r 

The integrating factor is e^ dy or y 2 , 

d 


or 


*** dy { fl/r) = ^ 
phj 2 =y* + constant =y 4 + a 4 , say. 
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Hence 

yAy -=dx, 

v^ + a 4 

or 

sinh _1 ^ = 2a: + ^ 4 . 

a- 

i.e. 

y 2 = a 2 sinh(2jr -f ^4 ). 

Ex. 2 . 

Solve 1 4 -y 2 =xy 2 y v 

Here y 

is absent. So putting yi=p , 


+ 

10 

11 

or 

1 ' + 

II 

■8h 

i.e. 

log x = log V 1 +p 2 + constant. 

i.e. 

1 +P 2 = - 2, say, 
a- 

or 

a dy = J xr — a 2 dx, 

giving 

xs!xr — a 2 a 2 , _i:r 7 

ay- 2 2 «*h 1 - + *. 

a and b being arbitrary constants. 



EXAMPLES. 

Solve the following equations :— 

1. xy 2 = i. 6. y 2 +yi 2 +y=o. 

2. \+y l i =yy 2 . 7 - .yiy 2 +yi 2 +^= 0 - 

3. \+y l 2 = x 1 y 2 2 . 

4. 9y 2 2 = 4y 1 . 9. yy 2 =y 1 3 -y l . [Oxford, 1S89.J 

5. ay a = (l+y l 2 )*. 

10. Solve the equation (1 - y 2 )^ _ ^(^) = 2 ^ 3 ’ having given 

[Oxford, 1S90.] 

11. Given that x 2 is a value of y which satisfies the equation 


1 -- 

8. y 2 +*yi~y=-e 2 . 

X 


that ^ = 0 when y = 0. 
ctr 


x2(log:r- l)^,-x(2 logx-l)^ + 2y log.r = 0, 


find the complete solution. 


[L C. S., 1S94J 
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190. General Linear Equation. Removal of a 
Term. 

Let us next consider the more general equation 

y»d‘-Piy»-i + -f > 2yi»-24- •••4 -Pny = Q> 

■where P v P 2 ,Q are given functions of x. 

Putting y = vz , we have 

Vl = ^ + VyZ, 

. Vi = vz 2 4- -V& -f etc., 

whence 

l'^ n 4- 7lViZ n _ I -\ - ^ 2 ^ V 2 Z n - 2 4* • • • 4" 

4- P\vz n _ 1 4- (71 — 1 )PiV l z n _ 2 4-... 4- Pi V n _ 10 

+ P 2 VZ n -2 4-...4-P 2 V„-2^ 

...+P„rz=Q. 

The coefficient of z„_i is nv\+P\V. 

If then v be chosen so that 

dv P,dx ~ f 

— =- 1 — or v = e ■> , 

v n 

the term involving z H _ i will have been removed. 

Similarly, if v be so chosen as to satisfy the differ¬ 
ential equation 

— l ~2^ V 2 + ( n - 1 ) F 1 V 1 + P t V = °> 

the term containing 2 n _ 2 will have been removed. 

The coefficient of z is 

v n 4- P\V n _ 1 4- PtVn - 2 4" • • • 4- P»v, 
and if a value of v can be found or guessed which 

m _ o 

make this expression vanish, we can, by writing 
2 \ == *}, and therefore z 2 = tj v etc., and s»=i/ n -i, reduce 
the degree of the equation by unity. The student 
should notice that this expression is the same in 
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form as the left hand member of the given equation. 
Hence if any solution y = v can be found or guessed of 
the given equation when the right hand member is 
omitted, we can, by writing y = vz, and then z r = i], 
reduce the degree of the equation. 

191. Canonical Form. 

In the case of the equation of the second degree 

y 2 + P 1 y 1 + P 2 y = Q, 

the substitution y = e~^^ ldx z 

will by what has been above stated reduce the given 
equation to the sometimes simpler form 

z. 2 + P'z= Q'. 

But the general solution of this equation has not been 
at present effected. 


“ Exact ” Differential Equation. 

192. When p is < q, xV< ~p^ q is an exact differential, 
and can be integrated whatever y may be. 

For denoting ^ by y q , 

J xPy tl dx =xPy q . 1 — p^xP-hjq-^dx, 

Jr' l y q _ x dx = xp ~ l y q _ 2 - (p - 1 ) J.r p - 2 y g - 2 dx, 

etc., 


\ x Vi- 


P+1 


dx 


~~ x Vq-p ^y<]-pd x — x Vq-p Vq-p-Y 


Thus 


j" X*>y q dx = x*y q _ l -pxr-'y q - q +p(p-\)xr *y q - 3 --~ 


EXACT DIFFERENTIAL EQUATION. 
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It will be noticed that when q =p or < p the in¬ 
tegration cannot be effected. 


193. By aid of the above lemma we may often see 
quickly whether a given equation is “ exact," For 
if all terms of the form x*y q in which p is < q be 
first removed, we can frequently tell at once by in¬ 
spection whether the remainder is a perfect differential 
coefficient or not. 

Ex. x 2 y h + x 3 y i + xy x +y = sin x. 

Here, l>y the lemma, x 2 y b and x 3 y i are perfect differential 
coefficients, and obviously xy x +y is the differential coefficient 
of xy. Hence a first integral of this differential equation is 
obviously 

x l y x - 2Lry 3 + 2 + Fy 3 - + 6.r y x - Cy+ xy = - cos .r + . 1 . 


194. A more General Test. 

A more general test for an “exact" differential 
equation may be established in the general case 

PoVn + P\Vn - 1 4- P^ifn - 2 + • • • + P n }J — F, 

whatever forms the coefficients F 0 , P v .. , P n , F may 
have, provided they be functions of x. 

For denoting differentiations by dashes, we have 
upon integration by parts 


\y dx = 

J 

PhV dx, 

VlJ/l dx = 


> 

P %- \y dx, 

*n - t}h.dx = 

P. - «yi — /’*y + | 

i 

p'u - 2.V 

** - a y*dx = P n . — 

C. _ i,vi + t* . j.v — f 



etc. 


Hence upon addition it is obvious that if 

Pn-P'.-X + P'.-t-P" . .«0 
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the given equation is exact; and that its first in¬ 
tegral is 

— l y n -2 + P" n _ 3 — • • -)y + (P n - 2 — P'n-3 + • • • )^1 

-\-(Pn-z— - ..)y 2 +** - = J Vdx+A. 

Ex. Is the equation x*y 3 + 1 2x 3 y 2 + 36^ -f 24r?/ = sin .r exact? 
Applying the test, we have 

A = 24-r, P 2 = 36x2, ^ = 12^, P 0 =x*, 
and P 3 - P 2 ' + p* - /Y" = 24* - 72* + 72* - 24*=0. 

Thus the equation is exact; and its first integral is 

(36-r 2 - 3+1 2x 2 )y + (12* 3 - 4*3)^, + x*y 2 = - cos *+ A, 

or 1 - X ~V 4*8*Vi + a*y 2 = - cos x+ A. 

This again will be a perfect differential if 

12 * 2 - 24*2 + 12* 2 = 0 , 

which is satisfied. Hence a second integral will be 

(ar 3 - 4j 3 )y + x i >/ l = -sinx + Ax+B, 

or 4xh/ + x*y l = -sinx+Ax+B, 

which may again be tested. But it is now obvious that the 
third and final integral is 

. A r 2 

jAij = cos x + _- + Bx -f C. 


EXAMPLES. 

1. Show that the equation x b y 3 + lox*y 2 ±GQx 3 y 1 + 60x 2 y=e* is 
exact, and solve it completely. 

2. Solve the equation 

x^y 3 + Gxy 2 + Gy l + sin x(y 3 - 3y,) 4- cos x(3y 2 -y) = sin x. 

3. Write down first integrals of the following equations :— 

(a) * 3 y i + xy 1 +y = e x . 

(b) x 3 y 4 +xy 1 -y=x 2 e z . 

(c) * ! y 6 + xi y 5 +yy l +x=\ogx. 

4. Show that if the equation Poj/ +P 1 y l -{-P 0 y. 2 = V admits or 
an integrating factor /x, then ix will satisfy the differential 
equation 

+ o- 


CHAPTER XVI. 

OKNEItAL linear differential EQUATION 

WITH ( ONSTAN1 ( ol I I K It s i s 


195. General Linear Differential Equation 

I ho farm <*f the general linear dirt* rviiti*] 
of the nth order is 


,lx‘ + ' '.is- ' + 1 '.lx- * + + <'» 

* here P lt /* f , /', . v isr« known fu»»«t»<4»» of * 

1s t im kii)i}M mm that am j«articula/ «4utuMi 

|r -/l*> 

ean Im or ol4*nted in any manner 

Then making the fulstitutimi 

W * ..»*•!» ^ , + /‘ Ur . , ♦ W.J-® li) 

IlMlIsi |»k. H • — #» t* dw •»*4*4*wi of 
equatam | ties it m pIsiN that 

•- A,#» ♦ <«,*,♦ A,i, ♦ ... 4 A.s, 
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Hence 

y = A 1 z 1 +A 2 z 2 +AzZ 3 + ..- + A n z n +f(x) 

is a solution of equation (1) containing n arbitrary 
constants, and is therefore the most general solution to 
be expected. No more general solution has been found. 

The portion f(x) is termed the Particular Integral 
(p.i.), and the remaining part containing the n arbitrary 
constants, which is the solution when the right-hand 
member of the equation is replaced by zero, is called 
the Complementary Function (c.F.). If these two 
parts can be found the whole solution can be at once 
written down as their sum. 


196. Two remarkable Cases. 


There are two cases in which these solutions can be 
generally readily obtained. 

(1) When the quantities P v P 2 , P n are all 

constants. 

(2) When the equation takes the form 


X "% + “i*" ' ''dxA +''‘ +-+«ny-y> 


o v a 9t ..., a n being constants and V any function of x. 

The solution of the second case is readily reducible, 
as will be shown, to the solution of an equation coming 
under the first head. 


Equation with Constant Coefficients—Comple¬ 
mentary Function. 

197. Let us therefore first determine the solution of 
such an equation as 

2/«+aiy n _i + a 2 y»-2+*--+ a ny = 0 , . 0 ) 

the coefficients being constants; i.c. for the present we 
confine our attention to the determination of the 
“ Complementary Function ” in the first case. 
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Secondly, we will choose A 1 so large and of opposite 
sign to A 2 that A x -f- A 2 may be regarded as an arbitrary 
finite constant B v Then the terms 

ultimately vanish with h since Aji has been considered 
finite and the expression in square brackets is con¬ 
vergent and contains Aasa factor. 

Thus the terms A X e m ^ x A A 2 e n ^ may, when m 2 = m v 
be ultimately replaced by JB 1 e miX + B 2 xe miX , and there¬ 
fore the number of arbitrary constants in the whole 
solution remains n, and we therefore have obtained 
the general solution in this case. 



199. Three Equal Roots. 

Consider next the case when three of the roots of 
equation (2) become equal, viz., m 1 = m 2 = m 8 . The 
terms, A 1 e m ^ x +A 2 e m ^+A 3 e m ^ J have already been re¬ 
placed by (B^B^e^+A^*. 

Let rn 3 = m 1 + k. 

Then Atf”* = A 3 e m '*e kx = A 3 e m ' x [l + kx + +.. • )• 

Thus for A l e mix +A 2 e m * x +A 3 e m * x we have 

y\ J^x 2 e m lX 

(£, + A 3 )e"*+ ( J3 2 + A 3 k)xe m i *+- 

+ g - ^ 

and we may so choose ^4 3 , B 2 , and B v that 

B 1 + A 3 —C v 

B 2 AA 3 Jc= C 2 , 

" A 3 Jc- = 2C 3 , 

c c 2 , C 3 being any arbitrary constants, whatever k 


2 ! 

+-4T+-J 
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may be, provided it be not absolute zero. But AJc 2 
being chosen a finite quantity, and the series within 
the square brackets being convergent, it is clear that 
ultimately, when k is indefinitely diminished, the 
limiting form of this expression is 

(C 1 + C 2 x+CsX?)e m ' x . 


200. Several Roots Equal. 

In a similar manner it will be obvious that if jp 
roots of the equation (2) become equal, viz., 

m i = m 2 =... = rip t 

there will be no loss of generality in our solution if 
we substitute the expression 

(K 1 -j- 4- K s x 2 4-... 4- KpX p ~ 

for the corresponding portion of the complementary 
function, viz., 

A X e m ' x 4- A 2 e'"** +... + A p e m >* 


201. Generalization. 

More generally, if 

A 4- A 2 (p(m 2 ) 4- A 3 0(m 3 ) 4- • • • + A n (p(m n ) 

be the complementary function of any linear differ¬ 
ential equation with or without constant coefficients, 
what is to replace this expression so as to retain the 
generality when m 1 =m 2 l 

Let m 2 = v h 4* h- 

Then 

**>-*«,+*> . 

and the terms A^m^ + A 2 </>(m 2 ) become 

(A.+A^J+AJ^+A^ ^ 4 .... 

Now putting A 1 +A t = B v AJl = B 2 , 

two arbitrary finite constants, the remaining terms 
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ultimately disappear when we approach the limit in 
which h is indefinitely diminished. 

Thus A 1 <p(m 1 )-\-A 2 <p(m 2 ) may be replaced by 




thus retaining the same number ( n) of arbitrary 

constants B v B 2 , A z , A 4 , ..., A n 

in the complementary function as it originally 

possessed. 


And as in Art. 200 we may proceed to show that if 
p roots become equal, viz. m l = m 2 = ...=m p , the terms 


A i0( ??? i) + A 2 <p(m 2 ) +... + A p( p(m p ) 
may be replaced by 

+ ... + 

when the generality of the solution will be retained. 

The results of Arts. 198, 199, 200 are of course par¬ 
ticular cases of this, the form of 0(mj) being e m i x . 


202. Imaginary Roots. 

When a root of equation (2) of Art. 197 is imaginary, 
it is to be remembered that for equations with real 
coefficients imaginary roots occur in pairs. 

Suppose, for instance, we have 

m 1 =a-\- ib, m 2 = a — ib, 
where i = — 1. 

Then the terms 

4 1 e MI ‘ x +4 2 e m ^ or A 1 d a + lV >*+A^-^ 
may be thrown into a real form thus:— 

A x e°*e lbx +A 2 e ax e- lhx 

= A 1 e a *(cos bx +1 sin bx) -j-A 2 e ax ( cos bx — i sin bx) 

= (A l +A 2 )e ax cos bx + (A 1 — A^ie 0 * sin bx 
= By #*cos bx + BtfP *sin bx, 
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where the two arbitrary constants B x and B 2 replace 
dj-fd* and (dj — d 2 )t respectively. 

Let £ x = p cos a, i^ 2 = p sin a, then 

,_ B 2 

p = s/Bf+B 2 2 and a = tan ~ 1 gr. 

Then B x cos bx 4- B 2 sin bx = p cos (bx — a). 

We may thus further replace 

Btf** cos bx 4- B i ef u sin bx by cos( bx 4- C 2 )> 

where (7 X and C 2 are arbitrary constants. 

203. Repeated Imaginary Roots. 

For repeated imaginary roots we may proceed as 
before, for it has been shown that when m 2 = m 1 , 
+A 2 e' n * x may be replaced by (B x + B^c)e miX > and 
if m 4 = m 3 , d 3 e m » r 4-d 4 e m < x may be replaced by 

(. B 3 + B 4 x)e m ^. 

If then m 1 = m 2 = a + ib and m 3 = m i = a — ib, we may 
replace 

A 1 € m » x 4- A#™* -f An*** 4- A 4 e m * 
by (B x 4- B#t)eP m eP x + (B 3 + B 4 x)e ax e - lbx , 

that is by 

e ax [(B 1 4- B s )cos bx+(B 1 — B 3 )i sin bx] 

4- xe ax [(B 2 4- B 4 )cos bx 4- ( B 2 - B 4 )i sin bx] : 
and therefore by 

^(Cjcos bx 4- C^sin bx) 4-a , e ax (C' s cos bx+ C 4 sm bx), 
that is by 

e ax ((7 1 4-ir(7 3 ) co s bx 4-e ax ((7 2 4-#C 4 )sin bx, 
or which is the same thing by 

D l eP x cos(bx 4- B 2 ) 4- B^re^cosibx 4- D 4 ). 

Any of the last three forms contain four arbitrary 
constants which replace the original four arbitrary 
constants A v d 2 , d s , d 4 , and thus retain intact the 
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* 

proper number (n) of arbitrary constants requisite 
to make the whole solution the most general to be 
expected. And this rule may obviously be extended 
to the case when any number of the imaginary roots 
are equal. 


204. Ex. 1. Solve the equation — 3^ + 2y = 0. 

dx- ax 

Here our trial solution is y = Ae m *, and we obtain 

m 2 — 37/1 + 2 = 0, 

whose roots are 1 and 2. 

Accordingly y = A l e x and y = A 2 e 2x are both particular solutions, 
and y=A 1 e x +A 2 <r x 

is the general solution containing two arbitrary constants. 


Ex. 2. Solve d-— ahj=0. 

ax 2 

Here the auxiliary equation is m 2 — a 2 = 0 with roots in 
and the general solution is 

y = A l (f x + A«e- ax , 

or as it may be written (if desired) 

y = B x cosh ax +jRjSinh ax 

by replacing A l by ^ 2 and A 2 by — 2 . 

2 2 


= ±a, 


Ex. 3. Solve ^A + a 2 y = 0. 

CLJr 


Here the auxiliary equation is m 2 +a 2 = 0 with roots in— ±ai. 
Hence the general solution is 

y = A jCos ax + A 2 sin ax, 

or, which is its equivalent, 

y — B l cos(ax 4- B.>). 


Ex. 4. Solve <Py-£l + 5 d jL-2y = 0 or (D~WD- 2>y = 0, 

dx 2 dx 2 dx 


where D stands for 

dx 
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Our auxiliary equation is 

m s —4ro* + 5m-2=0 
or (m — l)*(m — 2) = 0, 

having roots 1, 1, 2. Accordingly the general solution is 

y^A^A^y+A^. 

Ex. 5. Solve (/) a + lX/>-l)y = 0. 

Our auxiliary equation is 

(m s + lX>*-l) = 0 

with roots ±e, 1 , and the general solution is therefore 

y = A ^os x -f A 2 sin x -f A 3 <?*, 
or y = B l co9(x+B<S) + A :l e l, . 


Ex. 6 . Solve (B*+D+l)(I)-2)y=0. 

Our auxiliary equation 

(m 2 +?n+1 X m — 2) = 0 

/O 

has roots - and 2 , and the general solution is 

y = A x e~ ^cos + A .,e ^sin /1 3 c 2 *, 

A A 

or y=B x e ^cos +A 3 er*. 


Ex. 7. Solve (D- + Z) +1 )\D — 2f{D — 5)y =0. 

Here obviously the general solution is 

y=(A j + A 2x)e~^cos + (A 3 + A 4 x)e“ T sin 

+ (A S + A e z+A 7 z 3 )er x +A fi e ax , 
containing eight arbitrary constants. 
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3 <* 3 .y_ 9^ + 23^-15?/-0 
ch? dx‘ +i dx 

7. (D — l )\D — 2Py = 0. 

*• 

8. (Z) 2 +l)(Z) 2 + D + l)y=0. 

1 *-»■ 

9. (Z> 2 + 1 )\D — \) 2 y = 0. 

«■ 3-* 

10. (D 2 +\f{D 2 + D+l) 2 y=0. 


11. (Z)-l) 3 (Z>-2)(Z) 2 + 2Z) + 2) 2 y = 0. 


12. (D 2 + a 2 ) 2 (Z) 2 + b 2 )(D 4 + c 2 Z) 2 + c 4 )y = 0. 


The Particular Integral. 


205. Having considered the complementary function 
of such an equation as F(D)y = V where F(D) stands for 

D n + a Y D n - 1 + a 2 D n ~ 2 +... 4- a n , 

a v a 2 , ..., a n being constants, and V any function of x, 
we next turn our attention to the mode of obtaining 
a particular integral, and propose to give the ordinary 
and most useful of the processes adopted. 

We may write the above equation as y = F(1))V 
(or [/(D)] V), where Ty V .r is such an operator that 

P 1 ~1 

T-t / \ I a T r I T T 


iTO hra) v J-’'- 


306. “ D ” satisfies the fundamental laws of 
Algebra. 

It is shown in the Differential Calculus that the 


operator D (^denoting satisfies 


(1) The Distributive Law of Algebra, viz. 

D(uv+w= . 

(2) The Commutative Law as far as regards con¬ 
stants, i.e. D(cw) = c(Dw). 
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(3) The Index Law, i.e. 

D m D n u = D m + n u, 
m and n being positive integers. 

Thus the symbol D satisfies all the elementary rules 
of combination of algebraical quantities with the 
exception that it is not commutative with regard to 
variables. 

It therefore follows that any rational algebraical 
identity has a corresponding symbolical operative 
analogue. Thus since by the binomial theorem 

(m + a) n = m n 4- ri am n - 1 -f- — 1 \ z 2 m n " 2 + ... -f a ”, 

1 • z 

we have by an analogous theorem for operators which 
may be inferred without further proof 

(D+a) H y = {I) n +naD n - 1 +^~^A^a t D n - i + ...+a"}y 

JL • M 

= D n y -f- naD n ~ 1 y + —.p— 2 D n * 2 y +... -f a n y. 

207. Operation J[D)e ax . 

It has been proved in the Differential Calculus that 
if r be a positive integer, 

D r e ax *= a r e ax . 

Let us define the operation D~ r to be such that 

D r D ~ r u = u. 

Then D~ l represents an integration, and we shall 
suppose that in the operation D~ l u no arbitrary con¬ 
stants are added (for our object now is to obtain a 
particular integral and not the most general integral). 

Now since D r a- r e« = e“ = Z) r D- r e <u: , it foliows & that 

D-r t ax = a -r e ax 

Hence it is clear that Dv** = a n e" for all integral 
values of n positive or negative. ° 

s.i.c. 1 2 
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208. Let f(z) be any function of z capable of ex¬ 
pansion in integral powers of z, positive or negative 
( = 2ArZ r say, A r being a constant, independent of z). 

Then f(D)e ax = (2A r D r )c ax 

= (2A r Z) r e B *) 

= (24 r a r )e ax 
o)e ax . 

The result of the operation f(D)e ax may therefore 
be obtained by replacing D by a. 



1 


Ex.l. Obtain the value of ■ m ^ Dt + D + l 

Obviously by the rule this is 

1 e 2 * 

--- e or —. 

2 J + 2- + 2 + l 15 


e 2 *. 


Ex. 2. Obtain the value of 
By the rule this is 


EXAMPLES. 


<D 


1. Perform the operations indicated by 
1 - 1 


-•«*. (2) 


(D+\y- 

2. Show that 


(D+1)(D+ 2) 
D 2 


<*“. (3) 


1 


(Z)+2)(ZH3)(Z>+4) 


cosh x. 


^=2 


a 


1 


(. D-a){D-byD-c) 

3. Apply Art. 208 to show that 

/(Z) 2 )sin mx =/( -*n 2 )sin mx, 

f{IF)c os mx =/( - m-)cos mx, 

// n2N smh oxSinh 

^ Z3 ) CO sh mjr= / (m) cosh , ' Lr - 


(a — &X a — c) D — cl 


V. 


209. Operation f(D)c ax X. 

Next let y = e ax Y, where F is any function of ar. 
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Then since D r e ax = u r t a - r , 

we have by Leibnitz’s Theorem 


='>"!'+ n^a"- 'D Y+ „CJ)- Y+...+D" Y), 

which, by analogy with the Binomial Theorem (Art, 
-06). may be written 


jDV“ Y= e ax (D + a) n Y, 
n being a positive integer. 

Xow let X = (D+a) n Y, 

so that we may write 


Then from above 


Y=(D + a)-"X. 


D n f lx Y=e ax (D+a) n Y 

or D n e^(L + a)- n X = e^X, 

and therefore D ~ V**X = e ax (D + a)~ n X. 

Hence in all cases for integral values of n positive or 
negative 

D n e ax X = e?*(D -f- a) n X. 


210. As in Art. 208 we shall have 

f(D)e az X=^(ArD^X 

= 2(A r D r e a *X) 

= e°*2A r (D+ayX. 

= e**f(D -f a)X. 

That is, e 02 may be transfei'i'ed from the right side to 

the left of the operator f(D) provided we replace D 
by D -f a. 


Ex. 1. 
Ex. 2. 


7n -rfiX — 6* . ——— . 

(Z)--l) s D* 2.3.4 

2 ^i zj+ 4 e " 3iD X= sin x = - <r*sin x. 
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EXAMPLES. 


1. 


Perform the operations 

l.o 1 


o 


{D-\y 

Show that 

(T 


e*x-, 


(D-iy 


e*sin x. 


1 


{I) + a-\){D + a-'2) 


e bx _ e hx 


—e*log x. 

D- 1 


1 


(D + b — l)(D + b — 2) 


eP*. 


sin 


211. Operation f{D 2 ) CQS mx. 


sin 


We have D 1 8111 nix = (— m 2 ) mx, 

cos v 7 cos 

and therefore • • 

D 2r sin mx = ( — m 2 ) r 
nAO v 7 cos 


cos 


Hence, as before, Arts. 208 and 210, it will follow 


that 


X/ rv>\ Sill ,y ox sill 

t(D-) mx = f(-m-) ^ 
J v 7 cos J v cos 


mx. 


Ex. fe"sm&.rcfo=/)-V“siiite=^Z) + a)“ 1 sin&j: (Art. 210) 


= e"* a ~ D oi 


a 2 - ,0 - 


si n &.r 


.fix 


J^a — 7))sin bx 


ar+b- 

a sin bx — b cos bx 


(Art. 211) 


= e“ 


a 2 + 6* 

= c"(a 2 + 6 2 )^sin^kr- tan -1 ^. 


EXAMPLES. 

1. Find by this method the integrals of 

e^coskr, e'sin’r, e*sin 3 ar, sinhx sin.r. 

2. Perform the operations 

_^— sin 2.r, — cos x, P sin 2.x. 


D* + 1 


D- + 2 ' Z>* + 1 

3. Obtain by means of the exponential values of the sine and 
cosine the results of the operations /(D )cos mx, f(D )sin mx. 
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212. Operation mx. 

Let us next consider the operation 

1 . 


F(D) 


sin mx 


where F(z) is a function of z capable of expansion in 
positive integral powers of z. 

Let F(D) be arranged in powers of D, then if no odd 
powers occur the result may be written down by the 
foregoing rule of Art. 211. 


Tlius 


1 


1 +D' i +D* + IP 


sin 2x = 


1 . 0 1 . _ 

--sin 2.r= — — sm 2.r. 

1-4 + 16-64 51 


But if both even and odd powers occur we may 
proceed as follows:—Group the even powers together 
and the odd powers together, and then we may write 
the operation 

sin rax = -_ —sin mx 


F{D) 


*(D»)+Z) X (2)*) 
nm-DxHD*) 

= [</,(&)-D x (D*)l 


sm mx 


sm mx 


[0(-m 2 j] 2 +™ 2 [x(- »»*)]* 

— m 2 )sin mx — m x ( — m 2 )cos mx 
~ [0(-m 2 l] 2 + m 2 [ x (-m-)]- 

Upon examination it will be seen that in practice 
we may write —m 2 for D 2 immediately after the step 

</>(D 2 ) + D X (L> 2 ) Sm mX ' 
writing immediately 

1 

77-or ” jrv ✓ 0 \ Sin 711CC) 

0( —m 2 )+Dx(—w 2 ) 
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or 


</>( — w 2 ) — Dx( — m 2 ) • . 

r —^ — n»r?- 2 TT 0 sin mx, etc. 

Ex. 1. Obtain the value of sin &r. 


This is 


1 


or 

or 

or 

or 


D 1 +1 4- D(D- +1) 
1 

-3(1+/)) 

D -1 

-3(/>’—1) 

sin 2.r 


3-r^rr sin 2-r, 


sin h 
sin 2o*, 


(Z)-l) 


15 


- 9 


^ cos 2.r — sin 2.r. 


Ex. 2. Obtain the value of 


1 


(D- 1) 


C^COS X. 


Tliis expression 




(Z) + l ) 3 


= <r* 


cos.r 


1 




D 3 + 3D*+3D+1 
1 

-D-3 + 3D +1 

[replacing each D 2 by — 1] 

<r* 1 


COS X 


- COS X 


2 2) -l 

<r ^_ D ±1 

2 Z > 2 -1 


cosx 


cosx 


cosx 


= y (Z,+1) -2 

tr 1 , . x 

= — —(cos x — sin .r). 


EXAMPLES. 

1. Perform the operations indicated in the following ex^ 


pressions :— 
———e'sin x, 

D- 1 


LZ ”- 1 ^sinx + J—e-'sinx. 


(/)-!)(/)- 2 ) 


e^sni cur, 


D- 1 


/> + l 
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2. Show that j) ...j<rVdx ...dx, there 

being 7i integral signs. 

3. fehow that by first expressing in partial fractions, the 
operation V may be expressed in terms of a set of common 

integrations. 

213. Operator F F Algebraic. 

If in the operation ^ Fbe an algebraic function 

of x , rational and integral, we may expand —^ by 

any method in ascending powers of D as far as the 
highest power of x contained in F. 


Ex. 1. For example, find 


1 


\+D+D 2 


(.^+#+1). 


This i 


is 


1 - 2 ) 




or 


1-D 3 

(1 — D + D 3 — D* + etc.)(x-+x + 1) 

= (.r 2 +.r +1) - (2a:+1) =x 2 —x. 


Ex. 2. Again, find--- 

’ 1P + 2D* + 1D-1 

This expression is 

= ^ 


e X x 3 . 


1 


(2>+iy+3(Z)+l)*+7(Z)+l) 
1 


-1 


JC 3 


10+162) + 6Z> 2 + Z> 3 
e* 1 ^3 

10 l+^+^ + ^Z^ 
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?LES. 


Perform the operations 

1 1 O 1 1 

' {D+\\D + 2) U ’ D{I) — l) X> D\D- 1)* ' 

2. —- \ - (fx 2 , — -x cosh x. 

(D+\)(D + '2) ’ D(D- 1) 

3. ^y T cosli .r cos .r. 


214. Cases of Failure. 

In applying the above methods of obtaining a 
Particular Integral, cases of failure are frequently 
met with. We propose to illustrate the course of 
procedure to be adopted in such cases. 

215. Ex. 1. Solve the equation y=e t m 

The Complementary Function is Ae x . 

To obtain the Particular Integral we have 


If we apply Art. 208, the result becomes 

- or oc. 

1 - 1 

We may evade this difficulty and obtain tire result of the 
■operation by applying Art. 210 when we have 

IFTf 

which is the particular integral required. 

Instead, however, of substituting another method , let us examine 

the operation jy ffi* more carefully. 

Writing x(l + h) instead of x, we have 

=i^o)y( 1 + ^ + ^ + TT + " 
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Of this expression the portion Lt e*jh becomes infinite, but 
may be taler. tenth the complementary function Ae *; and A being 

arbitrary we may regard A + i as a new arbitrary constant B , 

h 

for we may suppose A to contain a negatively infinite portion 
to cancel the term 1/A. 

The term xe* is the Particular Integral desired. 

The remaining terms contain h and vanish when k is decreased 
indefinitely. 

The whole solution is therefore y = Ae*+xe*. 

Ex. 2. Solve the equation + =e*+sin 2x. 

dxr 

The complementary function is clearly 

y = A sin 2x + Z?cos 2x. 

The particular integral consists of two parts —^— e* or -e* 
^ 4 5 

ai *d ___sin2^. In this second part, if we apply the rule of 
Art. 211, we get i.e. oo, and so fail. 


1 


We now consider the limit, when A = 0, of ^ 2 ^ - ^ sin 2.r(l +A). 


This expression 
1 1 


4 1-(1+A) 2 
1 1 


sin(2.r + 2kx) 


4 — 2A —A 2 


(sin 2x cos 2hx +cos 2x sin 2hx) 


= — ^ —ij^^sin 2.r^ 1 — — ^ * + ...^ + cos 2x(2hx — ...)J 

_ _1 8111 ^ cos 2x -f powers of A 

o h 4 

= (a term which may be included in the complementary 

x cos 2x 


function) — 


+ (terms which vanish with A). 


Thus the whole solution of the differential equation will be 

y=A sin 2j + 2?cob 2.r-f - x009 ^ 

o 


4 
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Ex. 3. Solve the equation 

(Z> 2 + 3Z>X-0 - l) 2 y = ^*+e 2x + sin x+x 2 . 

Here the complementary function is plainly 

A 1 4- A 2 e ~ 3x +(^3 + A 

The particular integral consists of four parts, viz., 

1 1 ,_**** 

(D 2 + 3D)(D - I) 2 (Z> - l) 2 * 4 4 ‘ D* 8 S 

[orconsider ^(l + + ...) 

= (a part going into the complementary function) 


+ —<?* +(terms which vanish with A)]. 
8 


_g— 1 = _/>-* 

(Z> 2 + 3Z)XjO— 1)* 10 * 

D 2 -f 3Z>X D —T) 2 Sm ‘ r= (-l + 3Z)X-2Z)) 8111 * = -(SD- + 2D *'" * 

= —I_ sin •2’=——rr sin .r 

6 + 2Z) 2(9 — Z> 2 ) 


Finally 


= (3 sin x - cos x)/20. 


- ^X‘ 


(D 2 + 3D){D -\) 2 


=^( 1+ f)"< 1+2/>+3Z>2+ -^ 

= 4 ( 1 + f) 1(x2+4 ^ +6) 

= J_(V+4*+6-£r-i+?) 

3/A 3 3 9/ 

3/>V + 3 + 9 / 

3\ 3 3 9 / 


Hence the whole solution is 

y=A 1 +A 2 e~ Sx +(A 3 +A 4 x)e x 


are 1 (r* 3 sin .r — cos x F 5x 2 ,44 

+ -8- + l0 + -20- + 9 + -9- + 27*‘ 
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Ex. 4. Solve the equation — v=a*sin.r. 

ax* 

The c.f. is -•l l sinhx+-‘l ;; cosh.r +Jjsin ,c +J 4 cosr. 
To find the r.i. we have L-^rsinr, 

^hich is the coefficient of * in 



1 

/)*-- 1 ’ 

i.e. in 

.X 1 r 

(D+o'-i’ 

i.e. in 


i.e. in 

• 

• 

1 

r-H 

rH ^ 

1 

H 

i.e. in 


i.e. in 



Thu9 the p.i. is 


arcos x 3 

— - -x 8111 x. 

8 8 ’ 


and the whole solution is 
y = A jsi nh x+A 2 cosh x + A 3 sin x+A 4 cos x 4- 


Aos# 

8 


3 . 

-x sin x. 

8 



?LES. 


1. Obtain the Particular Integrals indicated by 


0) 

1 

sin v 



1 

_ p* 

P-+1 


\°) 

{D- 

1)(Z>-2XZ>- 

3) 

(2) 

1 

D- + 4 

C08 2X. 

(6) 

1 

D*- 

—(sinhor+sin 

x). 

(3) 

1 

sinha\ 

(V) 


^ (ft 1 * 4- h 

JP -1 

(7p~- 

- a-)(D* — b-) 

1 VVW1» v»v 

(4) 

1 

<fx. 

(8) 

CO® 

(B’+l )(/)■ +4) 

x 3x 

i - COS —. 

2 2 


2G4? 


DIFFERENTIAL EQUATIONS. 


2. Solve the differential equations 
(!) = ( 2 ) ^-y=coshx. 


drn 

(3) — J+y = e- z + cosx + z 3 + e z 8inx. 

C1*1/ 

(4) (D 2 -l)(D 3 -l)y=xe*. (5) (D-\)(D+l)D 3 y=x. 

(G) (D 3 — 2D 1 — 3D + \)y = e~ z +x. 

(7) (D 3 — l)y=x sin x. (8) {D 2 — l)y=xe x sinx. 

(9) (Z) 2 —l)y = cosh.r cos.r+a*. 

(10) (Z>-l)' 2 (Z) 2 -l-l)^ = sin 2 - + e x +^ 

2 

216. The Operator x 

A transformation which renders peculiar service in 
reducing an equation of the class 

r*£y+A x n -' dn ’ ly I A^ n - i dn ' 2y + +A v=Y 
C dx n + AlX dx»- l+A ^ dx n -* + -’ +Any ’ 

where A v A 2 , ..., are constants, to a form in which all 
the coefficients are constants, arises from putting 


x 


x — e l . 


In this case ^ = and therefore ^^ = 4r- 

dt dx dt 


d 


It is obvious therefore that the operators x ^ and 
i- are equivalent. Let D stand for —. Then we 


dt 
have 


dt‘ 


x 


d_ 

dx 


( T n -1 d’‘- 1 y)_ x J n y +(n _ l)x n -1 dn Ay 
V d^)~ X dx" +{ ~ n )x dx"- 1 ’ 


or 


x J n _y = ( x ± 

dx n \ dx 


— n + l) 


X 


n-1 d LAl 


dx 


n-1 


= {D-n+ 
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Now putting n in succession 2, 3, 4, we have 

^ = ( D - 2)*>g = (B-2)(D-1 )Dy, etc. 
Hence generally 

• T ’S HD-n + l)(D-n + 2)...(D-l)Dy > 

or reversing the order of the operations 

= D(D - 1\D- 2).. .(D - n -f l)y. 

Ex. Solve the differential equation 

da r 3 otr 2 cur 
Putting x = e*, the equation becomes 

2)(Z) -1 ){D - 2)y + 2D{D -1 )y + 3 Dy - 3y = e*+ e*, 

or (Z> 3 -Z) 2 +3Z)-3)y = e 2 ' + e‘, 

(Z)-lX£ 2 -f3) < y = e 2 ' + c', 

giving = Je* + B cos fc/3 + ein *<^3+ £+—, 

7 4 


or 


y = Ax + B cos(V3logx)-f Csin(\^3 log x)M— + — 


EXAMPLES. 

Solve the differential equations 

h ^+^+?v=°. 

2. E q-y = [log xl 2 +x sin log x + sin q log x. 

dor dx 

3. ^^+3x*^+x^+y=x+logx. 

dx* dor dx 

4. x^+2 a*%V-x*'+y=x+x>. 

dx 3 dor dx 

6. (a + + t(a + bx)i- + q°-y = 0. 

cur clx 




CHAPTER XVII. 


ORTHOGONAL TRAJECTORIES. MISCELLANEOUS 

EQUATIONS. 

Orthogonal Trajectory. 

217. Cartesians. 

The equation f(x, y,ci) = 0 is representative of a 
family of curves. The problem we now propose to 
investigate is that of finding the equation of another 
family of curves each member of which cuts each 
member of the former family at right angles. And in 
such a problem as this it has been already pointed out 
that it is necessary to treat all members of the first 
family collectively, so that the particularizing constant 
a ought not to appear in the equation of the family. 
It has been shown in Art. 171, that the quantity a 
may be eliminated between the equations 

f(x, y, a) = P. 

o. 

'dx dy dx 

Let this eliminant be 



This is the differential equation of the first family. 
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Now at any point of intersection of a member of 
the first system with a member of the second system, 
the tangents to the two curves are at right angles. 

Thus if jj be the current coordinates of a point on 
a curve of the second family at its intersection with 
one of the first family, and x , y the current co¬ 
ordinates of the same point regarded as lying upon 
the intersected curve of the first family, we have 


= dn dx 

i-x, n -y, d ^~ -j-. 

The differential equation of the second family is 

therefore 




and when this is integrated we have the family of 
“ Orthogonal Trajectories” of the first system. 

The rule is therefore: 

Differentiate the given equation, eliminate the 

doc d'u • 

constant, write — ^ in place of and integrate the 
new differential equation. 


218. Polars. 

If the curve be given in polars the angle the tangent 

dO 

makes with the radius vector is r-r-, so our rule is 

now: ar 

Differentiate the equation, eliminate the constant, 

write — i in place of and integrate the new 

differential equation. 


219. Ex. 1 . Find the orthogonal trajectory of the family of 
circles 

x 2 +y 2 = 2oj*,.(1) 

each of which touches the y-axis at the origin. 
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Here 


r+y d £= a . 


and, eliminating a, x 2 +y 2 = -f y^Y 


i.e. 


x 2 + 2 xy^L -y 2 = 0. 
ax 


■(2) 


Hence the new differential equation must be 

^ 2 - 2 - r j/^-y 2 = °, 

or y 2 + 2^-.r 2 = 0,.(3) 

which is a homogeneous equation, and the variables become 
separable by the assumption y = vx. 

However, this being the same as equation (2) with the ex¬ 
ception that x and y are interchanged, its integral must be 

y 2 +x°- = 2by, 

another set of circles, each of which touches the x-axis at the 
origin. 

Ex. 2. Find the orthogonal trajectory of the curves 

7*2 ji2 

—_ 4- ~y — i m 

a*+\ + b*+\- . 1 ' 

A being the parameter of the family. 

Here + ®-=0,. 

a* + A + 6 2 + A ’ 

and A must be eliminated between these two equations. 

(2) gives x{b 2 + A)-f yy^a 2 + A) = 0, 


( 2 ) 


or 

h ' x + a2 y.Vi 


x +yyi 

so that 

« 2 +A- (a 2 — 6 2 )x 


x +yyi 

and 

u-+\- (° 2 - b2 )yyi 


x +yyi 


Thus the differential equation of the family is 

^ -g+yy,) y-ix+yyQ _, 

(a 2 - b-)x (a 2 - 6 2 )yy, ’ 


or 


x 2 -y 2 +xy(y l - — \=a 2 -b 2 . 

v yj 


(3) 
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Hence changing into — —, the differential equation of the 

^ y i 

family of trajectories is 

x 1 2 3 4 -y-+xy( -i+y 1 )=a 2 -^ 2 ..(4) 

\ y, / 


But this being the same as equation (3) must have the same 
primitive, viz. : 


x 2 


i I •> . 


a*+H b 2 +u 

i.e. a set of conic sections confocal with the former set 

Ex. 3. Find the orthogonal trajectories of the family of 
cardioides r=a(l— cos 0) for different values of a. 


Her 


*e 


dr . r\ 


and, eliminating a, co ^ = tan ~. 

dr sin 6 2 

Hence for the family of orthogonal trajectories we must have 

1 dr , 6 

-rde =t&n 2 ’ 


or 


o 

log r = 2 log cos + constant, 


r = t(l+cos0), 

another family of coaxial cardioides whose cusps point in the 
opposite direction. 



1. Find the orthogonal trajectories of the family of parabolas 
y 2 —Aax for different values of a. 

2 . Show that the orthogonal trajectories of the family of 

similar ellipses for different rallies of m is x*' — Ay*'. 

a 2 b“ 

3. Find the orthogonal trajectories of the equiangular spirals 
r=ae (foota for different values of a. 

4. Find the orthogonal trajectories of the confocal and coaxial 

parabolas — = 1 + cos 6 for different values of a. 
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5. Show that the families of curves 

2x-y —y 3 — bj 

are orthogonal. 

G. Show that the curves 

r sin 2 a = a(cos 0 - cos a) and r sinh 7 (3 = a(cosh ft — cos 0) 
are orthogonal. 

7. Show that \if{x+iy)=u + iv the curves 

u=a\ 
v = b f 

form orthogonal systems. 

8 . Prove that for any constant value of /i the family of curves 

cosh x cosec y — /x cot y = constant 
cut the family y. coth x — cosech .r cos y = constant 
at right angles. [London, 1890.] 


*?-Zxy 2 = 


Some Important Dynamical Equations. 


d 2 u 


220. The equation + u —f '( u ) 

is the general form of the equation of motion of a 
particle under the action of a central force. 

Multiplying by 2^ and integrating we have 


which we may write as 


/; 


du 


JA + 2/{u) - u- 

and the solution is therefore effected. 

221. Equations of the form 

d 2 u 


= 0 + B 


d0 2 


+ n 2 u =f(0) 
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have already been discussed as being linear with con¬ 
stant coefficients. 

The solution may however be conducted thus:— 


Multiply by sin n6, which will be found to be an integrating 
factor. ° h 

Integrating, 

sin n^^-nwcos j f(&) sin n&dO' + A. 

•o 

. Similarly, cos nO is an integrating factor and the correspond¬ 
ing first integral is 

cos ntf^ + nu sin n0 = j f(6') coa nO'dO' + B. 

0 

Eliminating 

dO 



e f{&) sin n{0-0’)d& + B 


sin jiO-A cos 116. 


222. The equation of motion of a body of changing 
mass often takes some such form as 

7 

and for this equation <p(x)-jj will be found to be an 
integrating factor. 


leads at once to = j xft.r)<£(.r)dr+ A , 

or * — ■ #*>** = dt f 

2 \ f ^K^)<f>(v)dr + A 

and the variables are separated. 
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Further Illustrative Examples. 

223. Many equations may be solved by reducing to 
one or other of the known forms already discussed by 
special artifices. 


Ex. 1. 

il=f(ax + b/). 

Let 

ax + by = z. 

Then 

, jdtf dz 

a + b £=T* 

Thus 

a + bf{z)= % 


i dz 

x a+bf(z y 

or 

x+A = / ■ 

J a+bf(z ) 

Ex. 2. 

x 2 ^( 7 J + x ~r' ) +1 =0. 
dx\ dx 1 

Put 

t'J 

II 

Then 

, dy dz 

** J §rz> 

dz 1 

z =x— + -r 

dx dz 

or 


dx 


which is of Clairaut s form, and the complete primitive is 

xy=xC+l. 

Ex. 3. Solve ^(l-g) 2 =e- + ^(g) 2 . 

Let e*=T), e z =i- 

Then, since this equation may be arranged as 

('■- 39 '" * 68 )' 
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we may write it as 




which being of Clairaut’s form the complete primitive may be 

rj = Ci + s'l+C' 2 y 
or e * = Cd c +J 14- C\ 


Ex. 4. 


Ax\j (I)' -f (.r 2 — J 4 y 2 — Z?)^- — .ry = 0 


(an equation occurring in Solid Geometry) 
Eut x = Js and 2 / = \ f t. 

Then the equation becomes 

A Mi%Y +(, - At - s i7r£) - v7=0 - 


i.e. 


A itf +{i - At - B) %- t=0 ' 

< 1+ 4)=^( 1+ 4)-4> 


giving 


B— 

, dt ds 
t=S-. -J- 

ds \ + A d 4 

ds 


which is of Clairaut’s form and has the complete primitive 

t - aC - DC 

‘- ,c l+Atr 

or Cv 3 - j/ 2 = ^ 

J 1 +AC' 

and singular solution the four straight lines 

x±J - Ai/— ±4/?. 

Ex. 5. Solve the equation 

(1 + ax 2 )^+ + *** “ ^ 
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Let the transformation be such that 

dx 


= dt, 


then x is known by direct integration as a function of t . 

dy 

dy _ dt 


Now 


and 


Thus 


dx s !\ + a F 
dAy 

dhj dt 2 dy ax 

dx 2 ~\+ax* cttil+ax*)* 

/i . i\d 2 V d 2 y dy dt 

(1 +ax 2 )- r d t = —d - ax -A . -j-, 

d.r~ dt- dt dx 


and the given equation thus reduces to 

^f+?v=°. 

whose solution is y = A sin qt + B cos qt t 

and when the value of t in terms of x is substituted, the solution 
is complete. 

[If a be positive we have 

1 dx 


"'~ a V 1 

' a 


= dt } 


+ x 2 


1 


r= sinh“ , (.rva)=£. 


v a 


If a be negative we have 

1 dx 


= dt, 


1 


•J — a 


* — a 


. sin -1 (.rV — a) = t.} 


Ex. 6. Solve the simultaneous differential equations (which 
are linear with constant coefficients') 

4^+9^+44ar+49y=*, ] 
dt dt 

3 ^+ 7 ^ 4 - 34 ^+ 383 /=^. I 
dt dt J 
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We may write these equations as 

4(Z)+ll).r + (9Z) + 49)y = /, ^ 

(3Z) + 34)x + (7Z) + 38^ = <»‘, / 

w-here D stands for 

dt 

Operating upon these equations respectively by 7Z) + 38 and 
by 9Z) + 49 ana subtracting, we eliminate y and obtain 

[(47)+44X7/) -f 38) - (3 D + 34)(9 D + 49)> = 7+ 38* - 58^, 

(Z) 2 + ID + 6)x = 7 + 38* - 58S, 

1 


or 


giving x=Ae-‘ + Be~ e ‘ + 


or 


Z) 2 + 7Z) + 6 
x=Ae-'+Be~“ + l + y{t-l)-yd. 


(7 + 38* — 58c f ), 


To obtain y let us eliminate ^ from the original equations. 
■Multiply the first by 7 and the second by 9 and subtract 
This gives 

Thus 


( te+2x+y = 7t-9e‘. 

at 


Thus 


y = 7t-9d — 2x 

dt 

= 7t-9e t -2(Ae-* + Be- 6 ‘ + \pt-W-yie t ) 
-(-Ae~ t -6Be- ,u +ig-We‘) 

= -Ae-‘ + 4Be-*‘ + W-ij-t + y-e‘. 
x=Ae- t + Be~ 6t + i£t-*fi-We t y ) 
y= -Ae~ t +4Be-*‘-\?-t+fi£ + 2Ae‘J 

[The student should notice the elimination of —. This avoids 
the introduction of supernumerary constants.] ( ^ t 

Ex. 7. Solve the simultaneous equations 

3+ l 2+" 5 '" ) , 

These equations may be written 

(/> 3 +16)r+3Z>y=0, 'l 

-0, / 


— bDx + (/)*+ 9)y 
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whence operating upon these in turn by D~ + 9 and by 3 D and 
subtracting, we eliminate y and obtain 

[(2) 2 4-16X2) 2 4-9)4-15Z)2> = 0, 
or (/>* +402) 2 +144>r = 0, 

i.e. (2) 2 + 4)(2) 2 + 36>r=0, 

whence x=A sin 2t 4-2? cos 2t + (7 sin Gt + D cos Gt. 


Differentiating the first equation and subtracting three times 
the second to eliminate differential coefficients of y, we have 

S +31 §= 27 * 

whence we obtain the value of y without any new constants } 
viz. :— 

y = — 22? sin 21 4- 2A cos 21 + tyD sin Gt - tyC cos 6t. 



PLES. 


Solve the equations 

1 . 2.ry c ty--(\ -x)i / 2 = x*. 2. sec 2 y^{ + 2^^(^\ 4 -tan y=x. 

J dx dx 2 cos 3 y\dx/ 

3. ( a + bx)&L + A (a 4- bx)^- 4- By=x. 

dx~ ax 

4. (\+x>y^,+Zx(\+3p$+y=0. 

ax~ ax 

5. + 6. 5^= 

dx 2 dx dx 


7. ^=2 sin ( XZJL) cos 

dx 2 2 cos y 

8 . Obtain the integrals of the following differential equa¬ 


tions :—* 


(a) S- 3 ^+ 9 r + 13 ^ = 0 - 

dx 3 dx 2 dx 


(b) 4- 6^ 4- 9y = 25 cos x. 
dx 2 dx 

(c) x^-5x'^+10y = 0. 

dx 2 dx 


[L C. S., 1894.] 
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9. Integrate the simultaneous system 

V?+15y+ 32 + 30=0, 
dx~ 

^+ 2y+ 10z + 4 = 0. 


[I. C. S., 1894.] 


10. Find the form of the curve in which the tangent of the 
inclination of the current tangent to the x-axis is proportional 
to the product of the coordinates of the point. 

11. Find the form of the curve for which the curvature varies 
as the cube of the cosine of the inclination of the tangent to the 
x-axis. 

12. Show that in the curve for which the projection of the 
radius of curvature on the y-axis is of constant length 

(1) sx logtan^r+|^, 



yx log sec 


x 

a 


a. 1.0. 
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2. Vol. 


CHAPTER I. 


e b -e*. 

7T, 


Page 12. 

3. Area = £a 2 tan 6 , 4. Vol. = 




Vol. = ^*a 3 tan- > #. 

u 


6. (a) Area = |aVj, 


4 _ % 


Vol. = ra 3 /i y . 

"-1 n+1 

(/?) Area = —i_a n A n , 

n +1 ’ 

-1 n +2 

Vol. = ~^—Tza ~A n . 

W + 2 


(y) Area = 


1 A n+1 


n + 1 a" -1 ’ 


Vol. = _J. 


A- n+1 

2n+l " a-” -2 ' 


7T 


(S) Area=-L^(3A + 4a), 

Iz a~ 


Vol. =-^_iVl5/i 2 +35aA + 21a 2 ). 

105 a* 


47ra 3 


5. Vol. = ^7ra 3 . 


8. Mass of half the spheroid = ^7r/za 2 d 2 . 


7. §7r/xa 3 . 
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2 
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3. 


v 1 ~ s?** - 1, A sin _, .r - 
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8. i log tan X, I log tan J log tan (?+*), 
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(j«), i 
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5. —^=* Jf sin(2.r - taii -, 2), -i==e*sin(4r - tan -1 4). 

4vl7 


vo 


6. Je ax 2(a 2 + n 2 ) ^sin ^nx — tan -1 -^, for the values of n, 


P + q-r, q + r-p , r+p — q , -p-q-r. 


- « V 4 

, 7T, —, 77- - 4. 

4 


9. x sin l x+J\—x' i i |(2o: 2 —l)sin _1 .r-f ^o>/l — or*, 


■^sin'hr+ i \^1 — x 2 — ^(1 — x 2 ) 
o o y 


Page 51. 

1. ^(x 4 — 4a- 3 +12.r 2 - 240* +24), (x 3 4- 6.r)sinli x — 3{aP -f2)cosh x, 

( x 5 + 20a* 3 -f120.r)cosh x — 5(ar* -f12o* 2 + 24)sinh x. 

2. (2 - x 2 )cos x -f 2x sin .r, (6a: - o^)cos x + (3x 2 - 6)sin x, 

l’-i{(^-I x ) sin2x+ (¥-!) co32j: } 

£ {2(2x 3 - 3o*)sin 2a: — (2a* 4 — 6a* 2 -f 3)cos 2x\. 

3. tt 5 - 2077 3 4-12077, - 5 t 7 4 + 6 O 77 2 - 240, 265*? — 720. 

Page 52. 

1. (a) (m 2 + l)“^e mt ’cos(^ — cot -1 in), where a' = sin^. 

(b) UOsind + cosO -?. sin . 3(9 - where a' = sin0. 

4 \ 3 3- / 


(c) x tan x -f log cos x. 


, x x*— 1 . _i a* 3 — 3a* 
(<?) -tail \z: — 


4 12 

( d ) a: tan -1 a:-£ log(l -fa' 2 ). (/) x sec _1 a:- cosh _1 .r. 

(а) x — >J\ — a: 2 sin -1 .r. 

(б) 0(sec 0 + cos 0)- sin 6- log tan ^ + where o:=siii0. 
(c) (a -f a')tan -1 /^/^— \ f ax. 


i) i 

(cT) ? (sin <f) - (fj cos <£), where x=2a cos 
4 2 


WCI 
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3. (a) 

m 

( 6 ) + 


(rf) 


(m+x) 

1+w 2 v^+.r 3 


(6) 2 e “’{i + ^f5 C0s ( 2(?_tan ' , I)}- wl,ere tal ‘^=- t '- 


4. (a) e*siux. 


where tan 6=x. 


(b) l)-^| v /5xcos(2x-tan- 1 2)-cos(2^-2tan- , 2)|. 

(A ( q s * n bx sinh ax — b cos bx cosh ax) 

^+6* * 

W “j 8 ^ n (^* r ~ 2<£) — ^« _ar sin(6x -f <£) 

e -ox . 

— *~ 2 “ sin(6.r + 2<f>) l, where r and <f> are as in Art. 53. 
(e) 2 T (P sin 2x — Q cos 2x) f where 


n T* t 9 

P=_ cos ^ ^ cos 2<f> + ~ cos 3</>, 

$ = — sin sin 2</> + ^ sin 3<£, 


and r2 = 4 + (log2)2 and tan d>==-?-. 

log 2 

(/) vfc‘' oa ( ilog f“ tan ‘ 16 )- 

5. arsing log log W_ * 

* ** lWl-x 2 

7. - cot 0 log(cos 6 + Vcos 2tf) - 6 - cot 0 + n/c os 2 ^ . 

sin 0 

8. sin0cos01og(l +tan0)-|+Ilogsin(<9 + ZT). 

2 2 \ 4 / 


i +x 


9. (a) e*tan~. 

2 


(6) — e*cot 


** +-^e*sin(2x —tan -1 2) + 


c— a 
2^5 


E cos(2.r - tan -, 2). 
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CHAPTER V. 

Page 58. 

1. \ logO* 2 + 2 * + 3) - -L tan- 1 ^. 

2. log(.r + 1) + -^. 

3. 4 log(.r 2 + 4.r + 5)- tan” 1 (r + 2). 

4. — log(3 — .r). 

5. or - 2 logGr 2 + 2x + 2) + 3 tan" 1 ^ +1). 

6. 2x — % log(.r 2 + G^4-10) +11 tan _1 (x + 3). 


Page 62. 


1. (i.) 

(iii.) 

(iv.) 

(v.) 

(viii.) 

(ix.) 


1 W (*-<*)" 
a-b °(x-b) b 


..... (.r 2 — 1 )^ 

(n.) log'- —L. 

X 


x - log(x + a) + ———r log(x + b). 
a — b a — 0 

X “ — 1 


6 2 


log 


X 


(vi.) J log.r(.r 2 -3) 4 . 


a 


hoJ?±mZzll (viDS,—rr v 

6 ° (2x+iy (a — b)(a — c) 


\og(x - dy 


- * ' tr &r > “w® «'-* 

r + (_«i^0(«i^X a i zl) \og(x -a x ) + etc. 

(«i “ &i)(«i “ c i ) 


(x) 1 lo^-M-^. 
(X ° 30 ° (.r+1) 5 


1 1 


2- 


CT 


.r+1 

2 .7^1 

1 1 4 1 


1 + ilog£±» 

°x-l 


(ii>) "6 (T=l) 3 + 8 (^-l) 2 8(.r-l) + 16 

..... 1, x+2 1 1 _ 2 1 

0 11 -) 07 ° S 7^1 + 9 x + 2 9 x 1* 
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Civ.) —L+* i og «±*f. 


ax a 


(v.) i log ^-±1-1 — 

4 Vl 2 jf*-1 


(vi.) 


(b- a y\b-c) 


log(a* - b) + 


(c — a)-(c — b) 


log(x - c) 


2 a-b-c * , x 1 i 

(a - b)%a - c? 1 ° S(X “> — 

3 ' (l ) a(6* - a s ) taI ‘“a + 6( 0 * 1 -6 2 ) ta “'f • 

<“■» 

(iii.) tan -1 a: —tan -1 x^/2. (iv.) * tan- 1 /' _L _f\. 

^ '3*/2 W2 1-W 


4. (i.) — —L- tan -1 — 

v/3 2x- +1 


(ii.) _L tan- 1 ’ r * /3 - — tail" 1 

V3 1 -or J3 2x 2 +l 


(iii ° 72 t “ _ r& 

(iv.) tan- - 


(v.) _i_tan-*?^. 
a./3 a 2 -a; 2 


/ V1 -\ 1 , x 2 -ax+a- 
2 a °*> x 2 + ax + a'-‘ 


(vii.) -1= - V3tan->-^-. 

</3 1 —x 3 2x* + l 

(viii.) -J_Iog^±£2^±l+ » tan->*2J. 

4v2 a J -.rv^+l 2*/2 1—x 2 

6- (i.) 1108-^=+ 1 tan- 1 ^- 1 . 

3 V^ + x+l Js s/3 


(ii.) log J^Z 1 
i , vr ! + 




(iv.) j:- 2log* +1 log(x-1) + \ log(* +1) + £log(jr» + l)-£tan~ 1 x. 
(v.) -log(x+l) + 41 og(a-*+l). (vi.>±log£^-±Un>* 


B.I.C. 


K 2 
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^ \ ^ +\ log ( ,r2 +*+« - ;$5 tan_1? 73 J - 

, ... x 1 , x 2 +1 , 1 . __i2x—1 

(VUI -> 2 log ^TT+-73 tan -^5- 

(ix.) £log(x+l) - £log(x 2 +l) + i tan _1 x. 

(x.) |*+ 2x* + 15* + log(x - 4) - A log(x 2 +1) ■+ i tan- 1 *. 


6- (i.) ilog(x-2)--i^-Ilog(x 2 -2ar + 4)-^i 


2 s /3 


tan 


(ii.)|log(l + x)-ilog(l +2 x + 4x^)-i T ^ +J j3tau 


_jX~ 1 

_i 4r+1 

V3 


18 


16.—, _« . .. 1 1 24 tan- 1 ! 


(iii.) x + _Log(x-l) + -log^ + 4)-- ---tan--. 


25 


(iv ) 1 1 q<t + - ll" -1 ^_L_ 

V ' 4 0 x*+l 2 j+1 

, , 1, x 2 +l 1 1 

(V '> 4 ° g (x-l) 2 2 x— 1 


(vi) log 


X 


* 1 + i tan _1 x. 


x 


-1 2x-l 2 


(vii ) lloc r^ l +^\ 

K } 3 °(l + 2x 3 ) 2 


. ... v 1 , (x - a) J x- + a 2 1 

<vm.) ->g V --^-+^. 


a’ 


/ . x li x 2 + 1 lx — 1 
(lX-) 4 ° S (^+l) 2 + 2x 2 +l' 


, x 1 . x 2 ,1 1 1 1 

(.X-) 2 lo S 1+ar 2 + 2 1 +x 2 + 4 (1 + x*) 2 ‘ 


8 . 


2* 


9. log$. 
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CHAPTER VI. 

Page 68. 


1 . sinh" 1 ^* _Lsin} 1 -i 2x + I 
n/2 > v/2 “76"' 


2. -Lsin- 1 ^" 3 1 


72 


5 ’ n /2 


Sill 


_i4z*+3 


3. (6-<ac)—^r(ar + 6)7c(ar“+26x+a)4-(ac-6 2 )sinh _1 —”) 
2c* u Vac - b - J* 

(6 2 > ac) IJfcr+6)Vc(ar 2 +26x+a) - (6 2 - acjcoslr 1 -^^ J. 


4 ‘ 2?^ “ 6)v/ ^ a + 26,r " ***) + (62 + «0““ 




Jb 2 + 


ac 


]• 


1. V^ + 2x + 3. 

2. Vx 2 -f a 2 . 

3. Var 2 +a 2 + 6sinh- 1 -. 

a 


Page 69. 

4. 27c 3 - 1 -f 3 cosh _1 a*. 

5. 27**+*+1 + 2sinh- , ?£±l 

73 

6. f^+4- si „|,-if. 

2 2 


7. &tf--l)Vtf*+ar+3. 

8. l(a? +2ar + 3)* - (x +1 yjjt? + 2x + 3 + 2smh- 1 £±i. 

V2 


1. f 
2 


Page 74. 

sin 2a; 3 1 cos 3- 

—T—> - - cos a>+ — cos 3a: or - cos .r + — 

4 4 12 3 

i( 8i 5^-2si„ 2 . + a r ), 


1 / cos 5.r 5 cos 3.r 

rA—s—•—a— 


0 


- 10 cos a- ) or - cos x ■+■ 


2 cos 3 r _ co8 6 jt 

3 6 ' 


^l/sin&r 3sin4.r 15sin2.r in \ 
2*\ 6 2~ * + —a — - lQr > 


2 
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1 fcos7.r 7cos5.r . „ 0 OK ) 

— J —-— —-+ i cos 3x - 35 cos x V 

2° ( 7 5 J 


3 • 1 

or — cos x + cos 3 .r - - cos\r + - cos 7 #. 

5 i 


(- 1)"/sin 2n.r _o n/ r, sin(2«-2)a; J ^2n/>sin('27i-4).r_ \ 

2- 7 *" 1 l 2 n 1 2 7i —2 2 2n —4 *"/’ 

(-1)”/ cos(27i + l).r , » n+lr , cos(2ti-1)# *>„+!/> cos(2ti-3)# , ) 

~2^l~ 2 B + 1 + 2n-l ~ - 2n-3 ~~ ~ r ‘" f 


, n/ yCOS 3 X n/ ~,COS S X . n/ y 

or -cosx+ n C 1 —^—- n C 2 —^- + n C 3 


cos 7 x 


• • • • 


3 " 5 ’ * 7 

2. sin 3 # — £ sin 5 #, ^ sin 4 # - £ sin 6 #, — J cos 3 # + £ cos-lr, 

Y^ g {3.r-sin 4# + £sin8#}, 

{6# + sin 2.r — 2 sin 4# — £ sin 6# + \ sin 8# + sin 10#}. 

3. Jtan 3 #, — £ cot 3 #, tan#-cot#, J(tan 3 #-cot 3 #) + 3(tan#-cot#). 

A tt-2 43 1 5tt4-44 

8 ’ 60 x /2’ 192 ‘ 

5. — b cos 4 #, 3 sin 2 # — £ sin 4 #+ § sin°.r, 


- — cos nx - 
2 n 4(n + 2) 


* cos(n + 2) x — 


4(ti - 2) 


cos(ti — 2)x. 


Page 83. 


1. 2\ / tanx. 


2. (i.) -y -j- log tan 1(#+tan -1 ^) 

s'a* + b 2 2\ b) 


+ 

<“■) -^/p cot ( x+tan " 16 


-)• 


3. (i.) \a6 + b log(« cos 0 + 6 sin 0)]/(a 2 + 6 2 ). 

(ii.) [{ac + be)d + (bc-ae)\og(cs\\\ 6 + e cos 6)]/(c 2 + e 2 ). 


4. 


5 . 


g(a - ^)‘ J - 


(i.) 


1 


tan - 


asUJEbi \ •Ja? — b 2 
(ii.) |tan-'(Itan|). 


tan # ). 


.... x 1 , _,1+cosa cos j 

(in.) -=-cosh 1 --- 

v 7 - cos a + cos x 


sin a 
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(iv.) cn*h-'* ™( x - tan-»3) - v'lO 

3 - 10 cos(# - tan~ 1 3) 

W 73“"-'7S “"(!-!)' 

(vii.) # cos a -f sin a cosh" 1 1+ <*>s a cos x 

cos a + cos # ’ 

6 ’ W 

(iii.) -1_.{y/q^T^- J^rp7_ 'labial' 

a ~ aX _ J^Ta' _ 

X “ tan- 1 ^-^ N /(?F-r6')}. 

sJab-ab s'a'b-ab' /) 

if a>a' and ab>ab\ with analogous forms for other cases 

7 ‘ | t an- 1 (I tan |)-Atanh-‘(2tan|). 

8. 1 Tng gfagP +<* >»•»’) 

3 (1 +2 cos a:)- 

9. sin ^log^|±^_l logsec2ft 


10. cosh#tan-. 

2 


11. - 2*/l - sin x. 


12. -2\/l-sin#- ^21ogtan^|+|j. 

13. IlogLt^f.i 1 

4 1 — sin # 2 1 +sin#’ 

54 - cosx } 


15. 7T. 


18. fi+_L)>‘<; ta - 6l ~ ^ /3 

V3 ° tan 0+ ^3' 
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16. log log tan x. 


IT. -cosh -1 (cos # + sin 9). 


19.-^-sinh -1 f-) . 

nJ 


20 . 


sin x — x cos x 
cos jr+jesin# 


-| 2 { 10 S<“ +6C08X)+ S+^}- 


22. cosec -1 ( 2 cos 


2 o\ 

2 / 


23. cos 


+ 2 v/3 tanh-'[V3 tanl/cos-*^)}} 


24. cosec -1 (l -f- sin 2 6). 

26. 2.r tan -1 .r - log(l + x 2 ). 


25. sec -1 (cos 0+sec 6). 


1 


0 _ 1, 1 — sin ^ 1 |_ J2 

2, -2 l0g l + Bin^ 72 l 0 S T- 

</2 


— sin 6 


where 0=tan -1 .r. 


-I-sin 6 
•Jz + tsi\\x 


OQ 1 , . /.r . tt\ 1 » V3 + tan.r 

28. - log tan ( - + - , —7= log -= - 

2 V2 4/’ 2^3 ^3-tan.r 


1 


n /2 


llog 1 - 8 ! 11 ^ — ±rlog4 

8 b 1 + sm x 4 1 


— sm x 


■J* 


+ sin.r 


CHAPTER VII. 

Page 94. 


6. 


,.m + l 


m + 1 


lo<r.r 


x m + l 

m + 


-L_Y £^{(| 0 g^-_A_i _2 \ 

m + ll’ »n + ll s ' m +1 s (m + iy) 

’ {(‘og *>* - ^i< lo s 6 

I m = I x m -J2ax — x 2 dx i 


(^+T)2 l0 ° A * (»+1) 3 


(m + iy 
6 }■ 


(x-ayl2ax-j? a* ,£ 
0 2 2 a 


7. If 
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and 


A—2=^2*+./. 

4 4 

/,= -^g y-^ ) 4 + 7 4 


5 


Between limits 0 and 2 a, 




7ra 


» 

, I 2 = &7ra A , I z = \xa h . 


Page 95. 

1 /sin^cos^^=!i£^2i!^ + £_+? + 2 f ain ^0 cos ,0d0, 

P +1 p+ 1 J 

and similarly for 2, 3, 4, 5. 

& Jain i xdx = and similarly for 

J sin®r dx , etc. 

7 . Jcos"xdx=*™*™ n -'* + ’hzl fcos^sdx. 

J n n J 

8. (i\ _sin 3 .rcos 3 r 1 f sin-rcos 3 ^ 1/x sin2.r\) . 

W 6- + 5l“—4- + 4 l2 + — )) =etC - 


(ii > sin 3 x 


cos 


~ — %{x — sin x cos x). (iii.) tan .r - 2 cot .r - J cot 3 .r. 


Page 102. 

], 7T 37t 35tt 128 q 3 tt 8 8 1 

4 16’ 256’ 315* * 2 9 ’ 693’ 693’ 60* 

4 - £sin 8 #, | sin 8 # — sin 10 #, J sin 8 # - J sin 10 # + ^ sin 12 #, 

— J cos 3 #-ff cos 5 # - 3 cos 7 # + J cos 0 #, 

- ^ sill 5 # cos 5 # + g ( 3 # - £ sin 4 #+^ sin 8#). 

5. 12 8 ~ 7 W2 3tt — 8 3tt + 4 289 tt 2 5tt 

1680 ’ 32 ’ 192 * 4480’ * 8’ 9’ 192' 
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Page 104. 


2. If Im, n denote the given integral, 

on — 1 


m,n ~ m+n + l 


0x5+1 


771+71 + 1 


- 


m- 2 . ru 


r 4x2 , 4 - 2 1 

4.7 ( + ) j 13 13 11 + 13.11.9j‘ 


6. With a similar notation, 

/ x r x n {a + bx) p * - 
(a) / = 


an 


(p + 7i + 3)& (/7 + 7i + 3)& 


4-1. 


, _+’- 1 (x-’ + +)' ,+ ’ (2n — l)a 2 ^ 

W "' p 2n + 2/> + 2 2re + 2/> + 2 ” x -~ 


(y) (m-n + l)I m , n = 


x m 


-2 


- (m - 2)a 3 / m _s, «. 


(a 3 + x 3 ) 7 1 

( 8 ) 7i ? / m = P n - 2 (a4- If+(rn-2)/ m _3, 

, , , J/x« ar 3 6.3 \ 

( 8 +8-.-5 + m)' 

_ r a! n-' acosx + Tisinx n(7i-l)r 

7. /„ = e“cos" x- 

/ = —["cos 3 x(a cos x + 4 sin x) 

a- + 4-L 


4 - . 4 1?_ -fcosx(a cosx+ 2 sin x) + 2.1 - — f (- 
a*+2 2 \ aJJ 


8. /„ = - x"cos x + 7ix n_1 sin x - n(n - 1 )/«_* 


4 = 




. „ , a Sill X — 71 cos .r 7?(?i — 1) r 

sin *x- 5 - 5 -+- 2 -r—o 4-2, 

n 2 + a 2 n 2 + a- 


_ . „ . a sin x sm ax+7? cos x cos ax n(n-l)/ 

4= — sin 


12 . /„= 


17 . 


1 


3;n + 3m(3m - 2) ^ 3tti(377i - 2)( 3m “ 4 ) 


2n + l 

m 


W.T-1 + 


o\ + - 


2/i 7 

--.4-1* 

2 71 + 1 
771(771 1) 


+ ••• 


711(771 — 1 ) ... 2 


771(771 — 


+ 3771(3771-2).. .(771 + 2) + 3771(3771 


>-p..-i_ ■Lfi-cosgy 

-2)...(771 + 2) 771 V 2 / 
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2 sinh 


717T 


20. (m even) ~ IX™ ~2X»*-3).,.2.1 _ 

' (n 2 + m a ){;»* + (»» — 2 )*}...(n* + 2 2 ) n 


2 cosh — 


(m odd) ”»(wi-lX m -2Xw»--3)...3.2 t __ 

(n 2 + +(tti - 2)2}... (»» + 3 s ) »*+l* 

23 7„ = 2 s ilL(«-l) J +A 

n-1 * 

28. (»-!)«. .= -(1 ^)!._ l + 0" + l>-„- 1 

29 aml m +(2m - l)bl m _ 1 + (in-l)cl m - 2 =x m - l ‘fax u + 2bx + c. 


31. (a) 


tauh" -1 # 


n-1 

W) Deduce from 25. 


(^\ r = _(n — '2)xcosx+Bmx , n — '2 r 
7 " (^l)(n - 2)sm"-^ + ^l 7n ‘ 2 * 


CHAPTER VIII. 
Page 115. 


1. .o S 5phl, -L log ^ ~ f, 
Vtf+l+l v^3 2 + ^3 


2. - cosech _1 jr. --i-sinh"' 1 ^ 


- , smh _1 :r+-i- sinh -1 i— 

\+x’ J2 l+x 

•Jx* + 2#+3 — sinh” 1 ^^ — cosech -1 ^^. 

3. J_ log. J_ tan-^, 

2\'2 x — s/±c -fl v '2 1 -J? 

1 , x +*/2(x+ 1) + 2 _ 1 tan -iV2(x+l) [ 

2V2 *-V2(tf+l) + 2 s'2 


X 
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JL log • r+2 ~ v/2 ( x +i) 

\^2 x+2 + «/2(x+l)’ 

W ^ + » , og *+2 + fpi) 1 tan-^+D 

V2 °x + 2-V2(x+lj v2 * 


Page 117. 


1. a 2 > b 2 , - 

& ' 


1 


tan 


v a 2 - 6 2 


^ a 2 - 6 2 ’ 


a 2 < i 2 , 


_ 1 ,'J a* + P-'J V-a* 

2•Jb 2 — a 2 s^r 2 + 6*+«/6 2 — a 2 


2 . 


5. 


“ 72 si,lh_1 VSr 3 - 72 sinh ~‘ Vtti' 

If a, 6, c are in ascending order of magnitude 


4. 


^x 2 -! 


I _j /6 2 -a 2 / x 2 + 2ax + c 2 

2_ a 2\i/ c 2_ £2\i ’ « 2 — a 1 ' j?+ 2ax+b* 


(6 2 - « 2 )2(c 2 - 6 2 ) 
with modifications for other cases. 


6 . 


/. 


x+ 1 
x— 1 


-V 

? S eosb-^V 4 ^^ 1 - .^ Si „ h -‘V 


4 X 2 — 2x+1 
5.r 2 + 8x 


x 


Page 120. 


L 73 Iog 


cos - cos ^ 
6 

COS X + cos ^ 
o 


2. 2(sinx+xcosa). 


3. sin2x+4 sin x cos a + .r(4 cos 2 a— 1). 

4. Prove (w being a positive integer) 

cos wx — cos n a . _ 2 CQSec ^\ {n ra QQ<n _ r>r + —• 
cos x-cos a r-\ sin a 


sin na 


Then 

/ cos nx — cos na 
J cos x — cos a 


dx = ^=— 2 


2 r= "~ 1 sin ra 


sin a /I —r 


. , x , sin na 

sm(7i — r)x + x—. -. 

sin a 
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5. 2 sinx+3 sin a log(sin j —sin a)+ 2 sin a log 


tan - 

9 


, a 
cot - 
.) 


, X 

tan - 

o 


a 

tan - 
•> 


fi ^ i._ . cos a , /, .r-fa . .v — a\ 

-y~v* log cot — -j-__log tan-tan- . 

sin-a w 2 2 sin 2 a 2 2 J 


Page 129. 


4-3x 


(iii.) —!—cosh -1 ^—■ 
n /2 x 


(iv.) - sinli 


-i 


1 1 —x 


(vi.) ;^r.v 

x+1 


1- (i.) 2 tan"Vx. 

(H.) s un-Vi+5F. . ~ s/31+ , 

(v.) *W.r+l-4 sinh- 1 — t l- S inh -1 -L Lzi'. 

% '3 1 

(viii.) 2cosec -1 ^ 

(vii.) --Lsinh -1 /^’ 

na 5 \x/ 

2. (i.) _L sin - i(a^+b^-a*-b* 

2ab (6 a -«*)**+a 4 -6 4 ‘ 

(ii.) If a > c 

/- > Un-^+^T^caA-t * VS 

«/a 2 -c 2 ' a 2 - c 2 aJa--c 2 c >x 2 + a- 

with a corresponding real form if a < c. 

1 - 1 Va cos 2 0 + 6 sin*0+c 


(iii.) - 


Va + 


3- (i.) 


cosh -1 


1 


V& + 


sin ^ 


\^(cos a — cos /2)(cos a — cos y) 

2 1 


1 


x ™ Q l>-i cos ’ r ~l' cos a cos a —cos/? cos a-cosy 

cos a — cos cos a — cos y 

for the case cos a > coa /? or cos y with modifications for 
other cases. 
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(ii.) - 


J sin(a — /})sin(a - y) 


x cosh -1 


6- (i.) i log # (2e). 


9 - (i -> or 


2 I 1 I 1 

tan x — cot a cot a — cot /3 cot a — cot y 

1 _1_ _ ' 

cot /3 — cot a cot y — cot a 

(“■) 2a ( " L) -2-* 


(ii ‘> h 

(ii.) J log 2. 


(iii.) 


1 — a 2 


13. (»>i) 


14. (i.) log f 2-l. 


,b - < L > 2a6 - 
27. (i.) log e 2. 


29. 2e^\ 


• 7*6 

(ii.) . 

v ' 24 


(iii.) 0. 


(ii.) | 


(ii.) 

4 

30. 


(i-) 1 


(iv.) 


(2£ 

TO 2 ' 


1. a(fi-a). 

7. (i.) a(0 2 — 6 X ). 


CHAPTER IX 

Page 141. 


(ii.) (*Wi) 


7l + 7rt 2 


(iii.) 7l + 0* +sinh -1 0~^‘. 

(iv.) 2a^cos^ —cos-^. 


11. 2 


9 9 

c- — a- 


4a 

73- 


Page 151. 


1 . gfV3cosh- ^ -Zlg+a 

2L a v a -x J ; 


2. 8a. 


3. The Cycloid. 
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n' 1+3 cos 2 # 

cos d 


a 

9 - 


4- 3 cos 2 # 4* \^3 cos #~] 


— log — 

2 * v'l 


+ 3 cos 2 # - */3 cos #. 


15. 5a. 


1. 


4a 2 


CHAPTER X. 
Page 158. 


2. (a) CTsinh 

(5) c* —1. 


to 


irab b 2 


2a 


3. IS* 


5. 4a 2 . 


2 a 


(«0 4 to a -4 
to lo s^ _6+ 


(/) ^ 2 log ^ 

(X 


4. «? T (-^ + a6si„-|). 


6. 37ra 2 . 


- a-,. x 
/. —(4-7r). 

2 v ' 


Page 160. 


1 I(a 2 +6 2 ). 


7ra 

471 


2 . 


7ra 

IT 


3. ™. 
16 


Total area = ^- {n even), or 7 ^- (n odd). 

2 * 


5. a 2 tan a c2 ff cot a^rycot« - 1). 
4 


R a * /^ 3 ~ a 3 
6 ' 6 


*7 a - , /? 

r 5 - log e. 


a 


8 q2 ^~ a 
2 aj3 ‘ 


9. 


37ra 2 

IP* 


Page 167. 


1. 37ra 2 . 


3. P(tan yfr + $ tanty). 

z 
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4277 

4. —E[B(\fr 2 - i/r,) + sin B(yfr 2 - ^)cos B(\fs 2 + i/'i)]- 

5. 


Page 178. 


1. ^ 2 . 


4 a 2 


5. (tt —2)a 2 . 


37ra 2 


9. (i.) §7ra6. 


10 . a 2 


^ ^ 157 rab 

' U ) "T28" 


12zr +14. 

12 2 


(iii.) 2ma 


( w 
2 


+ i r 


(?) 


) and KiV l+ 


P(m+1) 

77 i being supposed odd. 

r‘+-#> 


11. a 2 [21og(x/2 + l)-^s^2]. 14. ^(32 + 24v / 3 -3tt). 

6 

12. 4c 2 */2 sin -1 —17. ‘^a 2 ^. 

v /3 

13. c 2 f-^ + Jxj). 21. ?£-; 2:1. 

V 2 3+2/ 2 

22. ["26 V 67r - l)# 2 + 2b(4b7re* 7rb -e** b +l )0 

+ 8tt 6V 67r - 4i7be xbir + e 467r - 1f| * 

-J0i 


21 . 2 : 1 . 


23. 


o . o 
7ra-/7r- 


S-9- 


24. 7i even, ; n odd, ™ 


25. 7T 


a 2 + 6 2 


30. 


57ra 2 


39. 


o 

7ra- 


28. -(i ! + | 2 )- 


29. ^'(10tt + 9 s /3). 


32. a 2 (l-|). 40. 7ra(a — 6). 


34. a 2 (7r + 2). 


41 a 2 42. TraV 2 - 


. 0 a-n-— b-m- . \an ab 

2 /n 3 7 i 3 677 ? 2m-ri 1 

a a /; \ \ 7iraV2 

44. ( 1 .) - g^-, (M.) 2 H — 
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1. 4ira*. 


CHAPTER XL 

Page 187. 

3. jra s {3V2-log(V2 + l)}, 

o 


1. 2 irV6. 


Page 191. 

2. 47ra 2 s /2, ica\f2. 


3. If the sides be a, 6, c ; s the semiperimeter; and h v A 2 , A 3 the 
distances of the midpoints from the given line, 

surface = 27r{aA l -t-AA 2 4-cA 3 ), 

volume = ^(Ai + A^ + A 3 W S ( 8 ~ a X 8 ~ ^X s ~ c )* 

o 


Page 193. 


1. If a- 

A 

l 

surface 

volume 

2. $7ra& 2 . 


rad. of base, 
altitude, 
slant height, 
real, 

$7ra 2 A. 


5. 27ra 3 (log,2-g). 

6. Surface = a /7ra 2 , 
volume =7r 2 a s . 

8. i7r 2 a 3 . 

10. fair 2 a 3 . 

8%/2'tt a 3 


12 . 


15 


CHAPTER XII. 

Page 201. 

1. (i.) Mass=tfL 4 , (iU 5=y =|f, (»ii) (if=m*ss) 

2. (i.) M=-J^' aP+Q+ --, 

(y + lX2/> + ? + 3) 

(ii.) ,= »+* + 3 y =2 £±l . gE±Jt±»* 

2;> + g + 5 y tf + 2 2/> + ? + 4 

(ill) 4ATa*i±l . jfe + g+i * 

' j + 3 2j>+j + 5 
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o 


s of length of rod from end of zero density. 

Mu- Ma 2 Jfa 2 


If a = length, 


— 4a - 3a m 2 + 2 


4. .r = 


r 3 '~T m i?+3 : 


6 

§Jfa*. 


12 


Page 207. 


1. Let 2 6 be the angle, a the radius, the median the initial line, 


2. x = 2 a 


n + 2 

71 + A: 


(a) (/3) Jo™* 

about tang., 4 J/q^ +2 - X M + 3 X”± j>^ 
05 (ti + 4) 2 (n + 6) 

about diam., AMa 2 ^ ■- *t' .. 

(7i + 4) 2 (n + 6) 


4. If />!= — a nd o, ss n b&- fn & 

m., — m 3 Til., — m 3 

Mom. In. about .r-axis = M{(q 2 + q 2 ) 2 + (q 3 + q l ) 2 + (q l + q 2 ) 2 }^ 
about i/-a.xis = M{(j> 2 + p 3 ) 2 + (p 3 +pj) 2 +(j> l +p 2 ) 2 }/ 1 ’ 2 ’ 

6. Area = (277 + 3^3)02/6, 

3a\/3 
x =— N 


Mom. In. = 


2(3v ; 3 - tt) 

Ma 2 9v^3 — tt 
3 * 3\'3 — tt 


7. (1) (?“ ^), (2) (3) 


967ra 3 


8 . ( 1 ) ( 2 ) J /^- 2 


9. (1) *=0, y=!“ 

b 

(2) (a) 57r 2 a 3 , 


( 6 ) ^ 2 


3/37T 2 8 


-|). («) 7-V. 
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CHAPTER XIII. 


Page 215. 

1. x tan x — log sec x=y tan y — log sec y 4- C. 

2 . 

3 2 ^ 


3. 2jy + .r+y + C(.r+y + l)=l. 

5. log v 1 -f- y- — log x + tan _, x+C'. 

6. 3 (e*-e x )=x 3 + C. 

9. (1) y = cA (3) iiC-6)=a. 

(2) y 2 = 2ax 4- C. (4) r = a0+C. 

10. x = y/a* -y- + -log 9lZ^L“lZK if y = a when x=0. 

2 a 4- vfl 2 — y 2 


Page 219. 


1. 2ye Ua - ,x = <? 2tan_ ‘ x 4-C. 

2. (a 2 + 6 2 )y = a sin bx-b cos bx 4- Ce~ ax . 

/}n+2 

3. r 0=aX__ + C. 


n + 2 


4. 4 xy = iJ K + C. 


5. ^ u “-‘*' = tan- 1 y + C. 

6. ye-' /x = 2vG4- C. 


2 ®* 

8. •z a 4-,y 2 4a.r+~ = Ce a - 

£ 

9 - 4 = ^ +c 


10 . 


{-)" '=^ +a 


11. _i_ = l+Ce (n ' ,, . 

y 

12. —?— =^-.,+ C. 

x sin y 2*r- 

13. -i— = ^4-C. 

X log z 

r* 

14. e -(«-D*= i +CV n-1>2 - 

15.1=1+<V. 
r a 

16. 1 =_L 1 + CV—'*. 

r" -1 a" 1 


I0| H 
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18. (1) 


e-* = J_ 
x 2X 2 


+ C. 


(2) {a~ + b 2 )e?=as\i\ bx — bcosbx+Ce'**. 

(3) sin3^/(1 +x)=e*+C. 

(4) Ay)+<K*)+i=CeW. 


CHAPTER XIV. 


Page 223. 


1 . ^ log(v 2 -f - y — 1)4- —log ^ ^ 4- log x=C. where v =yjx. 

“ ' 2 V '5 °2r+l+ s '5 ° ’ 

2. A log(6y 2 + y-3) + —» log !*±1—^2 + log x=C, 

“ 2n/ 73 12v4-14-^73 


where v=y/x. 


3. I-i = C. 

.r y 


4. The y-eliminant of y =x(p+p 3 ), 


and 


x=-^. 

P 3 


5. The p-eliminant of y=x(Ay 2 + Bp+ C), and 
log x {Ap 2 4- (B - 1 )p 4- C) 

4-- - 2 tan- 1 -; 2A P + = const. 

^AC-CB-l) 2 V4^C-(R-1) 2 


Page 226. 

1. <j-xf = C(y+x). 2. (^-^=^+^-2). 

3 - ^ I °s(A +1 -'' 3 )-%f l0g (i--l +1+ '' 3 ) +l0g< "- 1)=C 

4. (a4-6)log(y - x+ l) + (« -&)log(y4-x-1) = C. 

5. x—y+ log(.r +y) = C. 

6. 6y-3r = log(3x + 3y + 2)+C. 

7. 3-r 2 4- Ary 4- 3y 2 — l(Xr — lOy 4- C= 0. 

8. ur4-y-4 log(2jr4-3y4-7) = C. 
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Page 230. 

!• y s +1 = CV*. 3. y + j(a+x) 7 - 2a(a + x)^ = C. 

2. y=^- + log.r-f C. 4. a^ar+2 a) 3 =Ce a . 

25 

5. 4clt =y 2 + 3ay — log(2y + a) + C. 

r (Vl — (A — x) 2 — y\ , 

6. cos { - V=A— x. 

I A-x J 

7. x=$Ap°~ + 2Bp+C y \ 8. y = f Aq 2 + 2Bq + C,\ 

y= A p 3 -f Bp 2 . J x = Aq 3 + Bq 2 . ) 

Page 232. 

1. y = Cx+C 2 , x*+4y=0. 

2. y = Cx+C\ 27y 2 + 4x 3 = 0. 

3. y = Cx + C n , «y-' + (n-1)"-V=0. 

4. y = Or + Va’C’- + 6», |*+|* = 1. 

5. y = (x-a)C-(72, (jc-a) 2 = 4^ 

6. (y-CrXC , -l) = C' ! Jx+Jy = \. 


Page 233. 


1 . y=p 2 x+p , 

■ r= l 0 gp-p + C' 

(P-1) 2 * 

2. y = apx+p 2 , 

X= d P 2-a + Cpih - 

3. y =p 2 .r +^> 3 , \ 

xip-iy=-p* + %p*+cj 

4 - y=(p+p 8 )>c+-» 

P 2 x=l +Ae p . 


5. y=(p+p n )x+— v 


i 

_i_| 

n- l)p n ' 1 . J 


p n x=(n — \) + AJ- 

6. y = '2px+p", 


p-x — — 


n ^" + 1 + J. 


n+1 


Sa 


i 

1 


7. y = apx + bp\ 

-Sa^' +J J 

8. A rectangular hyperbola 
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9. Parabolae touching the axes. 

10. Hyperbolae. 

11. A four-cusped hypocycloid .r 5 -fy a 

12. 8y = (2.r-l) 2 . 

13. y = Ae*+c(l+A* 



y = c 


3 sin 2 <9 — 1 
cos 3 # 

3c sin # 


x = log 

cos 2 # 


D/Y 

14 . j/ 2 _ Cx- - > a series of conics touching the four straight 


AC +1 

lines .r±\/ — Ay = ±\ r B, the singular solution. 


CHAPTER XV. 


1. y=x log x+Ax+B. 


2. y 


= a cosh^- + 6^. 


j.2 

3. 2y =-a log x 4- b. 


2 a 


4. y = 


(,r + 3a) 3 , 
27 + ' 


Page 238. 
6 


5. {x — A) 2 + {y— B) 2 =a 2 . 


dy 

+4-y 

7. ;/ + &= I"+ 


. * /■ _ 

• +b ~J Jae-v+l- 


jfi 

e - c£r + 


8 - S=/G + JQ 

9. y = 6tai r r+ - y ±^. 

10. .r + yl + ~^ + sin-ty = 0. 


11. y = Bx 2 - Axlogx. 


Page 242. 

1. .r *y = e x + Ax 2 + Bx+C. 

2. (x 2 + sin x)y = cos x + Ax 2 + Bx+C. 

3. (a) x 3 y 3 -3x 2 y 2 + 6xy l + (x-6)y = e*+A. 

( b ) ^3-^2+? = ^ + ^- 

A 

(c) ^6 “ 4^4 + 1 Gafys - 48.r 2 y 2 4- 96^! 

-96y + ^' 2 +y 2 )=x0ogx-l) + ^. 
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CHAPTER XVI. 

Page 251. 

In the results of the following set all capitals denote arbitrary 

constants :— 

1. y = A* ,I + Be t *. 3. y = Ae* 4- Be** 4- Ct fix . 

2. y = Ae ax + B(r* x + C<? ax . 4. y = (A + Bxy+Ce" 2 *. 

5. y = Ae x + Be~' 1 sin’^-^ + Ce cos 

6. y = Ae z + Be~ x + (7 sin x+D cos .z*. 

T. ^=(^+^j')e x 4-(C'4-^^‘ + Aar)e 2 *. 

8. y= A sin x+5 cos * + Ce~* sin - ^ 4- Z>T f cos 

2 2 

9. y = (<4 4-.&r)siu x + {C+Dx)cosx + {E+Fx)e ,c . 

10. y=(d+ Bx 4- Cr^in x 4- (D 4- Ex 4- Ex 2 )cos jr 

+(O + Hx)e~ f sin ^ + (/ + Jx)f 4 cos 

11. y = (4 + /?.r 4- Cx l )e‘+D(r x +( A'+/Tr)e _x sin or 4- (G 4- Hx)e ~ x cos x. 

12. y=(J.4-2fcr)sin ax+{C+Dx)cosax + E &u\ bx + F cos bx 

+ (7<r“sin “ v/3 + Ile ^cos —/* 

2 2 

+ Tessin + Je'*cos —' /3 . 

2 2 


Page 254. 





(«4-lX« + 2)’ 



120 



Page 256 (First Set). 


— e*sin x y xe*lo g.(^)« 


60 
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Page 256 (Second Set). 


1. e? x (a 2 + b-) -cos^.r-tan" 1 ^, f “ 2^5 co s (2*- tail" 1 2), 




4 l ^2 ' 4 / v^lO 

£(sin -r cosh .r — cos x sinh x). 
2. - h sin 2x , J cos x, - fV s ' n ^ x - 


- - _L= sin(3.r - tan -1 3)1, 

4/ v/lO J 


Page 258. 


e*(sin x- cos x\ e? 


4q(a 2 - l)sin or 4-(a 4 — 6a 2 + l)cos ax 

a(a l +1) ’ 

- 2 cos x cosh x. 


Page 260. 


1 * 2 3,7 _** 

L 2"2 X + 4’ 2 *’ 6 + ^‘ 


•2 f. 


2. W — - — .r + — 

V 6 18 108 


3. -e*(x sin .r + cos 
2 


!)> <T-l) + e "(i + l> 

x)-g{(2x + ?) c °sx-(x + |)si n 4 


,, N .rcosr 

1. u; 2 


( 2 ) 


x sin 2x 


(3) - cosh x. 
v ' 2 


Page 263. 

< 5 >f- 


(6) ^(coshx+cos-r). 

4 

, 7 >. a- /«« 
l ' j 2(a--6 2 )\a 26 ^ 26 / 


(8) - sin x sin*-. 
v ' 2 


2. (1) y = J 1 e r + ^ 2 c- x +^. 

(2) y = A l e t + A 2 e~ x +$x sinh x. 
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(3) jr-J,sinx-*- JjOoe J + x J -Or 


+ f (sin .r — 2 cosx). 
5 


(4) V « (A J + J+ A' + J 4 r 1l siu 


+ A h e~ K'os —+ ^( 2 -r 3 - Or 2 ). 


(5) y = + -4*r + + 

( 6 ) y = A l e~* + A ,*"♦*** + J+ x + 3 . 

6 

(7) y*J l «*+ JX^in^?-f*^3tf“ f cos£^ 

— 2 

+ i {(-r — 3)cos x — x sin jr}. 

(8) y=A x e* + fl{(10.r-f 2)cos.r + (5.r-14)sin:r}. 

250 

(9) y = A l e*+A#-*— £ cos rcoshx 

.-r 

+ § sio r sinh.r + 


log(«€)log(^ 
( 10 ) y=(^l l + (J 3 + .4 4 .r)8iii.r + (.4 6 -f ^gX^os-r 


7' 2 P r 

+ .J — g^r 2 sin.r+—=r--f .r-f 2 . 


8 


Page 265. 

1. y = Jisin(y logr) + A 2 cos(q logx). 

2 y = A i sin (? log x) + A s cos(q log x) + (tog *)" _ 2 


r 9* 

+ ^ < 7 *sin(log x) — 2 cos(log x) _ log x cos ( q log x) 

q* 4- 4 2 q ' 

y~ — l + -4j sin toga? ^ + ^ 3 %^?coslog^ +^+log.r. 


4. y=^l + ^ + ^^ g i < , gg+ - ^°gg) , + gl 
■ r 4 16 

5- y= JjSin (| log(a 4- 6*) j + A 2 cos {|log(a+5a?)|. 
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CHAPTER XVII. 

Page 269. 

1. 2x*+y t =b. 3. r = 6c- 9t ““. 

Page 276. 

1. Put y 2 = xz ; y 2 =x 3 -2x 2 4-2x4-C're“* 

2. Put tan y=z \ ta\\y = Acosx+Bs\i\x+x. 

a a + bx 

3. Put a + bx = e z \ y = C(a 4- &x)’ n ‘ -r D(a 4- bx) mi - ^ 

where m 1} m., are the roots of the equation 

6 2 m 2 + (.16-6 2 )m + i? = 0. 

4. Put 2 = tan' 1 or ; y = (^x4- B)/\fl +x 2 . 

5. Put z = sin _1 x ; y = A sin(n sin _1 x)4-2f cos(7i sin -1 *). 

6. Put = ^ = r?; (e*-e* + ly* = A. 

7. Put sinx=£, sin?/ = */; (siny-sinx4- l)c aln *=A. 

8. ( a ) y = Je“*4-/?e 2 *sin 3x 4-CV^cos 3x. 

(6) y = (i 4 -#r)e' 3z + 2 cosx4-3 sinx. 

(c) y = .lx 3 sin(log x) 4- Bx 3 cos(log x). 

9 . y + 2 = J sin 3x4-/? cos 3x4- C sin 4x4- D cos4x, | 

3 z — - C(vl sin 3x-f - B cos 3x) 4- {C sin 4x 4- D cos 4x ).) 

10. y = Ae kx \ 11. y=kx 2 + Ax+B. 


4. — = l-cos0. 
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